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Counterfactual explanations (CE) explain model decisions by identifying input modifications that
lead to different predictions. Most existing methods operate at the instance level. Distributional
Counterfactual Explanations (DCE) extend this setting by optimizing an optimal transport objective
that balances proximity to a factual input distribution and alignment to a target output distribution,
with statistical certification via chance constrained bounds. However, DCE relies on gradient based
optimization, while many real-world tabular pipelines are dominated by non-differentiable models.
We propose DISCOVER, a model-agnostic solver for distributional counterfactual explanations.
DISCOVER preserves the original DCE objective and certification while replacing gradient descent
with a budgeted propose-and-select search paradigm. It exploits a sample-wise decomposition of the
transport objective to compute per-row impact scores and enforce a top-k intervention budget, focusing
edits on the most influential samples. To guide candidate generation without predictor gradients,
DISCOVER introduces an OT-guided cone sampling primitive driven by input-side transport geometry.
Experiments on multiple tabular datasets demonstrate strong joint alignment of input and output
distributions, extending distributional counterfactual reasoning to modern black box learning pipelines.
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1 Introduction

1.1 Background and Motivations

Counterfactual explanations (CE) are widely used
in explainable artificial intelligence (XAI) to provide
actionable insights for automated decision systems
Dwivedi et al. (2023); Verma et al. (2024). They de-
scribe minimal and feasible changes to the input that
would lead a model to produce a desired outcome
Wachter et al. (2017). Most CE methods operate
at the instance level and are designed to provide
recourse for a single instance, often incorporating fea-
sibility constraints and user-specific costs Ustun et al.
(2019); Karimi et al. (2020) or returning multiple
diverse alternatives Mothilal et al. (2020). However,
many real-world applications require population-level
interventions rather than isolated edits. For example,
policy makers may ask how to shift the risk distribu-
tion of a subgroup, or financial institutions may seek
systematic recourse strategies that remain consistent
with the overall data manifold. Existing global or
group-level recourse toolkits partially address this is-
sue by aggregating or organizing per-instance actions
Rawal and Lakkaraju (2020); Ley et al. (2023), but
their objectives remain defined over individual edits
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rather than distributions, and they do not directly
optimize the shape of the model’s output distribution
that stakeholders aim to control. These settings call
for distributional counterfactual explanations, where
the goal is to generate a counterfactual distribution
that both remains close to the factual input distribu-
tion and achieves a desired shift in model outcomes.

Distributional Counterfactual Explanations (DCE)
provides a formulation of this problem using opti-
mal transport You et al. (2025). DCE balances an
input-side transport cost that preserves plausibility
with an output-side transport cost that enforces tar-
get predictions, together with statistical certification
via chance-constrained bounds. This distributional
perspective offers a principled alternative to instance-
level recourse by explicitly reasoning about popula-
tion structure and group-level feasibility.

Despite this, the practical adoption of DCE solver
remains limited by its optimization machinery. This
gradient-based algorithm relies on differentiability
assumptions and computation graphs, which restrict
its applicability to smooth predictive models. While
gradient-based optimization is well supported for
differentiable models Glorot et al. (2011); Baydin
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et al. (2018), practical tabular systems are often non-
differentiable or black-box systems, including tree en-
sembles, rule-based preprocessing, and mixed discrete-
continuous feature constraints Breiman (2001); Fried-
man (2001); Shwartz-Ziv and Armon (2022); Erickson
et al. (2025). In such settings, gradient based distribu-
tional optimization becomes unreliable or infeasible.

More importantly, simply replacing gradients with
random sampling is not sufficient. Distributional
counterfactual generation is a highly non-convex prob-
lem over mixed-type spaces, where naive derivative-
free search can be prohibitively inefficient and unsta-
ble at the population scale. This motivates the need
for a solver that is model-agnostic while still exploit-
ing the structure of optimal transport objectives.

1.2 Main Contributions

In this work, we propose DISCOVER, a model-
agnostic solver for distributional counterfactual ex-
planations that preserves the certified DCE objective
while rethinking the optimization paradigm. Our key
insight is that optimal transport based distributional
objectives admit a practical sample-level structure:
global transport shifts can often be attributed to
a small subset of influential samples. A compari-
son of existing counterfactual paradigms and their
properties is summarized in Table 1.

DISCOVER operationalizes this insight through per-
sample impact scoring and a top-k budget that local-
izes and edits the most influential individuals, yield-
ing an interpretable form of distribution-level inter-
vention.

Building on this structure, DISCOVER formulates
distributional counterfactual generation as an itera-
tive propose-and-select search over candidate coun-
terfactual distributions, where multiple candidate
updates are generated and the candidate minimizing
the certified DCE objective is selected.

DISCOVER further improves black-box search by
introducing an input-side OT guidance primitive
that exploits the geometry induced by the input-
side transport discrepancy to steer proposals toward
high-plausibility regions without querying predictor
gradients.

e Budgeted Distributional Editing via OT De-
composition: We reformulate the distribu-
tional alignment problem by uncovering a
sample-wise decomposition of the OT objec-
tive. This allows us to introduce a top-k
impact budget, localizing interventions to
the most influential samples for updates.

e Modular Propose-and-Select Architecture:

We propose a solver-agnostic framework that
separates candidate generation from objec-
tive certification. This design enables certi-
fied distributional counterfactual generation
in non-smooth and mixed-type spaces where
traditional gradient-based methods fail.

e Predictor-Gradient-Free Geometric Guid-
ance: We introduce an OT-guided cone
sampling primitive that leverages input-side
transport gradients. This mechanism pro-
vides directed, geometry-aware proposals for
black-box models, significantly improving
search efficiency over naive derivative-free
methods.

e Unified Solution for Black-Box Pipelines:
We demonstrate that DISCOVER achieves
strong joint alignment of input and output
distributions across differentiable as well as
non-differentiable predictors, effectively ex-
tending certified distributional reasoning to
modern tabular pipelines.

2 Distributional Counterfactual
Formulation and Limitations

Here we briefly review the distributional counter-
factual formulation introduced by DCE to establish
notation and certification semantics. We then de-
scribe the combined objective used to operationalize
the chance constraints, before discussing why the
original gradient-based optimization becomes prob-
lematic in realistic tabular pipelines. This sets the
stage for the solver design.

2.1 Problem Formulation

Following DCE, we use P to denote the scalar satis-
faction probability of the chance constraints. This
scalar is not a probability distribution. We use P[] to
denote the probability of an event. Let b: R? — R
be a black-box model. Given a factual input dis-
tribution x’ with outputs ¥y’ = b(x’) and a target
output distribution y*, DCE seeks a counterfactual
input distribution x that remains close to x’ while
aligning the model output distribution b(x) with y*.
The problem is formulated over empirical samples
and enforces robustness through chance constraints
on both the input and output sides.

To measure input proximity, DCE employs the sliced
Wasserstein distance SW?, which remains scalable
in high dimensions, while output alignment is mea-
sured using the Wasserstein distance W2, capturing
discrepancies at the distributional level rather than
only in expectation You et al. (2025).



Table 1: Comparison of counterfactual paradigms. DISCOVER keeps DCE’s distribution-level objective and
certification, while enabling model-agnostic optimization with explicit top-k budgeted editing.

Method Dist. goal Certified Model-Agnostic Top-k
Instance CE No No Often No
Yes

Group/Global CE Partial No No No

DCE You et al. (2025) Yes Yes No No

DISCOVER (ours) Yes Yes Yes Yes

3 DISCOVER: OT-Structured Sparse
Distributional rch

[DCE Problem] max P 1) stributional Searc

st. P <PSW?(x,x') < U,]

Constraint equation 2 enforces proximity between
the candidate and factual input distributions, while
equation 3 imposes the analogous requirement on
the model outputs relative to y*. The confidence
level o in equation 4 guarantees joint satisfaction of
both constraints with probability at least 1 — «/2.
This chance-constrained optimal-transport formula-
tion provides interpretable, distribution-level align-
ment while remaining scalable to high-dimensional
inputs via slicing.

2.2 Distributional Counterfactual Objective

Building on the formulation above, let @, and @,
denote the input-side and output-side transport costs
induced by sliced Wasserstein and Wasserstein dis-
tances, respectively. To operationalize the chance-
constrained problem, DCE combines these two costs
through an objective with a trade-off parameter
n € [0,1],

Qz, p,v,n) & (1= 1) Qulz, ) + nQy(x,v), (5)

where p and v denote the corresponding optimal
transport plans. For suitable choices of 7, minimizing
Q yields candidate solutions that satisfy the empirical
chance constraints in equation 2—equation 4 with high
probability, highlighting the role of balancing input
proximity and output alignment.

However, optimizing this objective with gradient-
based solvers can be problematic in practical tabu-
lar settings. Many tabular prediction systems rely
on non-differentiable components such as tree-based
models or rule-based preprocessing pipelines, which
prevent reliable gradient access. A detailed discussion
of these limitations is provided in Appendix B.

DISCOVER is a solver for Distributional Counter-
factual Explanations that preserves the DCE ob-
jective and certification layer, while introducing an
OT-structured optimization paradigm for black-box
and mixed-type tabular pipelines. Instead of treat-
ing distribution editing as a global gradient descent
over all samples, DISCOVER explicitly exploits the
sample-wise structure induced by optimal transport.
It performs budgeted distribution editing via top-k
impact selection, and optimizes the certified objective
through a propose-and-select search over candidate
counterfactual distributions. All candidate distribu-
tions are evaluated by the same distribution-level
objective @) with the same certification mechanism as
DCE. DISCOVER does not require model gradients.

3.1 DISCOVER Framework

At each iteration, DISCOVER first evaluates the cur-
rent distribution using the same sliced Wasserstein
distance on inputs and one-dimensional Wasserstein
distance on outputs as in DCE. These distances are
computed from empirical optimal transport plans
and certified using the same trimmed quantile bands
and upper-confidence limits. The balance parameter
71 is updated using the same interval-narrowing rule.
Therefore, DISCOVER. changes neither the distribu-
tional objective nor the certification semantics.

The optimization challenge in tabular settings is not
only the lack of model gradients, but also the need
for budgeted interventions at the population level.
DISCOVER makes this budget explicit. It attributes
the distribution-level objective to sample-wise contri-
butions and edits only a limited subset of influential
instances in each iteration.

To operationalize this idea, DISCOVER decom-
poses the distributional objective into per-row impact
scores. On the input side, DCE induces OT plans over
one-dimensional projections © = {f;}_ , < S?-1.
Under this plan, the input-side contribution of each



Algorithm 1 DISCOVER: Budgeted Propose-and-
Select Distributional Solver

Require: Factual sample X', predictor b(-), target
outputs Y*, bounds (U, Uy), confidence level c,
top-k budget k, candidates per iteration M, max
iterations T' R

Ensure: Edited sample X or @

1: Initialize X + X’

2: fort=1toT do

3:  Evaluate Q(X;n) and update 7 using the same
certification and interval-narrowing rule as
DCE

4:  Compute per-row impact scores {¢; }?

5. Select editable row set I < indices of the top-k

scores

6:  Compute input-side OT guidance signal g from
SW3(X, X')

7. Set baseline candidate X(©) + X (no-op up-
date)

8 for m=1to M do

9: OPTIMIZER (Sec. 3.2) proposes X (™ by edit-

ing rows in I using the shared OT-guided
cone sampling primitive (Sec. 3.3) guided by
-9

10: e:\nd for

11 X < argming,cqo,1,...,m} Q(X(m); n)

122 X« X

13: end for R

14: Check whether X satisfies the same DCE certifi-

cation criteria

15: if certification holds then

16: return X

17: else

18: return g

19: end if

sample x; can be written as
1 L& 2
T k
9\ ):szwgwi—@;xﬂ u ()
k=1 j=1

which measures how strongly x; contributes to the
current input-side transport discrepancy. An analo-
gous decomposition holds on the output side under
the transport plan v, yielding

¢t = 3" |b(ai) — y3) vy (7)
j=1

Combining both terms, the overall per-row impact
score is defined as

a=0-na" +nd". (8)
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Figure 1: Overview of DISCOVER. DISCOVER pre-
serves the DCE objective ) and its certification layer.
Each iteration computes per-sample impact scores
{¢;} from the current OT objective and selects a
top-k active set defining the intervention budget. It
generates M candidate counterfactual distributions
by editing only these samples using a shared OT-
guided cone sampling primitive. DISCOVER selects
the candidate with the smallest certified objective @
and repeats until the iteration budget is exhausted.

Proposition 3.1 (Row-wise decomposition of the cer-
tified objective). For fized OT plans u = {,u(’“)},gN:1
and v, the certified objective admits an exact row-
wise decomposition Q(x,p,v,n) = > i q;, where

qu), qz(y), and q; are defined above. In particular,

Qo) = Ty 4 and Q. v) = XL, 4.
Proof is provided in Appendix D.

The combined score g; directly measures how strongly
sample x; contributes to the current certified objec-
tive. DISCOVER uses ¢; to define a top-k editable
set I at each iteration. Only rows in I may change,
and all other rows remain fixed. This top-k gate im-
plements an explicit intervention budget. It reduces
the effective search space while keeping the objective
unchanged. The top-k gate controls the support of
each candidate update over empirical samples. The
induced distributional change is not assumed to be
sparse by construction. Instead, distribution-level



behavior is controlled by the certified DCE objective:
the input-side term SW?(x,x’) penalizes candidate
distributions that move far from the factual distribu-
tion, while the output-side term W?2(b(x), y*) encour-
ages the predicted output distribution to match the
target. Thus, a localized candidate edit is selected
only when it improves the distribution-level transport
objective and passes the DCE feasibility check.

Given the editable set I, DISCOVER performs a
distribution-level propose-and-select search. It gen-
erates M candidate counterfactual distributions by
editing only rows in I with a shared proposal prim-
itive. Each candidate is evaluated by the same cer-
tified objective Q(+;n), and the best candidate is
selected as the next iterate. We additionally include
the current distribution as a baseline no-op candidate
(Algorithm 1), which guarantees that the certified
objective does not increase within each iteration.

Proposition 3.2 (Monotonicity of the propose-and-s-
elect step). Let X be the current iterate and let

X =arg min QX))

me{0,1,...,M}
be the selected candidate, where X(© = X is the

no-op proposal and 1) is fized during the candidate
evaluation. Then Q(X;n) < Q(X;n).

Proof is provided in Appendix D.

This explicit candidate selection is a key difference
from single-path descent methods and is well-suited
for non-convex and mixed-type optimization land-
scapes.

To bias proposals toward small input-side distance
without querying predictive model gradients, DIS-
COVER computes an input-side OT guidance field
from SW?(X, X’) and uses it only in the proposal
step. The output side remains fully black-box be-
cause no Vb is required. After the iteration budget,
DISCOVER returns the best candidate that satisfies
the same DCE certification criteria.

3.2 A Modular Proposal Mechanism for
Distributional Search

DISCOVER separates the certified distributional ob-
jective from the mechanism that proposes candidate
distributions. The modular optimizer is a proposal
layer. It receives the current iterate X, the editable
row set I induced by the top-k intervention bud-
get, and a small set of exploration parameters. It
outputs M candidate distributions {X(™}M_, that
only edit rows in I and satisfy domain constraints
and actionability rules. All optimizers share a com-
mon proposal primitive, OT-guided cone sampling

(Sec. 3.3), and differ only in how they combine and
apply it to generate candidates.

Different optimizers differ only in how they propose
candidates. All candidates are evaluated by the same
certified objective Q(+;n), and DISCOVER selects
the best candidate. This makes the overall solver
strategy-agnostic while keeping a single objective and
a single certification protocol.

Monte Carlo Optimizer. The Monte Carlo opti-
mizer proposes M validity-preserving candidate edits
around the current iterate. The top-k gate confines
changes to the most influential rows, and an input-
side OT guidance field g = VxSW?(X, X’) biases
proposal directions. Numerical features are perturbed
within valid ranges, and categorical features are mod-
ified within admissible levels. Among the M candi-
dates, DISCOVER selects the one with the smallest
certified objective value.

Genetic Optimizer. The genetic optimizer pro-
duces candidates through recombination and guided
mutation on the same editable set I. Crossover reuses
partial structures from the current iterate, while
mutations introduce local variations in a domain—
preserving manner. Both operations are biased by
the same input—side guidance field g. Each candidate
is evaluated by Q(+;n), and DISCOVER selects the
best candidate.

3.3 OT-Guided Cone Sampling Primitive

Edits are restricted to the current top-k rows I, so
that each iteration focuses on the samples under the
intervention budget. To guide candidate generation
without relying on model gradients, DISCOVER, com-
putes a single input-side guidance field

—g = —V.SW3(z,2),

which depends only on the sliced Wasserstein distance
between the current distribution and the factual ref-
erence. This field captures geometry of input-side
transport under the current OT structure. It is in-
dependent of the predictive model, and Vb is never
queried.

The guidance field g is used only to bias proposal
directions. Candidate updates are sampled within a
cone of half-angle ¢ around the direction —g, take
bounded steps, and are projected back to the valid
domain. No gradient descent is performed on the
full objective @, and Vb is never queried. The guid-
ance field is evaluated once per outer iteration and
reused across all M candidate trials generated by
the modular optimizer, ensuring low overhead while
maintaining consistent directional bias.



Algorithm 2 OT-guided cone sampling for numeri-
cal features

Algorithm 3 OT-guided cone sampling for categori-
cal features

1: Input: row index ¢, current row xz;., ed-
itable indices R, guidance g, feature ranges
(R, R3]}y

2: Qutput: updated row x;. on R

3: for p e R do

4:  sample direction d;, in a cone around —g (half-

angle ¢)

5. sample a step size A € [0, Anax]

6: update x;, <+ H[Rg;nﬁg}ax] (xl-p + )\(Rglax _
R;ﬂin) dﬂ))

7: end for

8: return updated z;.

Numerical coordinates. For numerical features,
DISCOVER generates proposals using a shared OT-
guided cone sampling primitive. Each editable row
is updated by sampling a direction that is biased
toward the negative input-side guidance field —g,
where g = VxSW?(X, X’) depends on the transport
discrepancy to the factual distribution. This provides
a lightweight geometric prior that favors minor edits
in the input space, without requiring any gradient
information from the predictive model.

The cone half-angle ¢ controls the concentration of
proposals around this OT-induced direction, inter-
polating between focused transport-consistent moves
and broader exploration. A bounded step size
A € [0, Anax] is drawn and scaled by the feature
range (R} — RM") to normalize updates across
heterogeneous units. Each proposed update is finally
projected onto the valid interval [R;“i“,Rg’aX], en-
suring feasibility by construction. This procedure
yields numerical candidate distributions that pre-
serve input-side plausibility while enabling effective
distribution-level search under the top-k intervention
budget.

Categorical coordinates. For categorical features,
DISCOVER performs proposals in a numerical em-
bedding space where directions are meaningful. For
each categorical feature p, we construct a fixed em-
bedding table E, € RIVrIX7 onee before optimization
and keep it constant throughout. In our implementa-
tion, E, is randomly initialized with a fixed random
state for reproducibility, and r is chosen by a deter-
ministic rule based on the category cardinality |V,|
unless specified. A cone-biased step guided by —g
is then applied in the embedding space. To decode
back to a discrete category, we compute distances
between the updated embedding and all category em-

1: Input: row index i, current row x;., editable
indices C, guidance g, temperature 7

2: Output: updated row x;. on C

3: for p € C do

4:  represent category x;, as a one-hot vector o;, €
{0, 1}Vl

5. embed z;, « E,[z;,] where E, € RVoIX" is
a fixed embedding table (initialized once and
kept constant)

6:  take a cone-biased embedding step: Z;, < z;p+
A, where A € R" is sampled in a cone around
—g (half-angle ¢)

7:  include the no-op option v = x;;, in the admis-
sible set under actionability constraints

8:  decode by sampling a category with Pr(v) oc
exp(—||Ep[v] — Zipl|?/7) under actionability
constraints

9: end for

10: return updated x;.

beddings and sample with a temperature-controlled
rule. Specifically, the probability of category v is pro-
portional to exp(—|| E,[v] — Z||?/7), where E,[v] € R"
denotes the embedding vector of category v. The tem-
perature 7 controls the exploration and exploitation
trade-off. Finally, decoding is restricted to admissible
categories under predefined domain and actionability
constraints.

4 Experimental Setup and Results

4.1 Experimental Setup

We evaluate DISCOVER mainly on five tabular
datasets: HELOC FICO (2018), COMPAS Larson
et al. (2016), Hotel Booking Antonio et al. (2019),
German Credit Hofmann (1994), and Cardiovascu-
lar Disease Halder (2020). Quantitative compar-
isons are performed on HELOC, COMPAS and Ger-
man Credit, where DISCOVER is compared with
existing CE methods, including DCE You et al.
(2025), DiCE Mothilal et al. (2020), AReS Rawal
and Lakkaraju (2020), and GLOBE Ley et al. (2023).
DiCE generates counterfactuals independently for
individual instances, whereas AReS and GLOBE
operate at the group level by aggregating recourse
patterns across samples. DCE is included as a
gradient-based baseline in settings where differen-
tiability is available, enabling a direct comparison be-
tween gradient-based optimization and the proposed
model-agnostic solver under the same distributional
objectives.



The main evaluation targets the distributional align-
ment objective inherited from DCE. Let % = {%;}1",
denote the generated empirical counterfactual input
distribution. We report
OT(z) = SW?*(%,x),  OT(y) = W(b(%),y"),

where x’ denotes the factual input distribution and y*
denotes the target output distribution. Thus, OT(z)
measures input-side proximity to the factual distri-
bution, while OT(y) measures output-side alignment

to the target distribution.

We also report the maximum mean discrepancy be-
tween x’ and %X. Using a kernel k, its empirical
squared form is

n

MMD?(x’, % :i?zn: 5,

S

—zz
=1 j=1

Finally, AReS Cost is computed using the cost func-
tion from AReS and is included only as a refer-
ence intervention-cost metric. Lower values indicate
smaller distances or lower intervention cost for the
corresponding metric.

J

Ablations test the necessity of DISCOVER’s solver
components: (i) sample-wise OT impact scoring and
the top-k intervention budget, (ii) propose-and-select
candidate search over multiple proposals per itera-
tion, and (iii) OT-guided cone sampling as a shared
proposal primitive. Extended ablations, runtime and
scalability analysis, and additional comparisons with
model-agnostic baselines are reported in Appendix.
Details on the empirical distribution size, target con-
struction, classification threshold, random seeds, and
configuration files are provided in Appendix G.

4.2 Main Results

Figures 2 and 3 provide a qualitative comparison of
input and output shift across methods. Conservative
methods can preserve the input distribution while
failing to induce a meaningful output shift. AReS
produces uniformly small per-sample input-side trans-
port distances, but its output CDF remains close to
the factual distribution, leading to large OT(y).

In contrast, aggressive group-level translations can
match the target outputs while producing large input-
side transport deviations. GLOBE aligns the output
distribution closely to the target, but does so with
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of model outputs on COM-
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are factual outputs, the

Figure 2: Per-sample
input-side OT distances
on COMPAS with an
MLP. Distances are

sorted in descending target distribution, and
order within each counterfactual outputs.
method.

substantially larger per-sample OT(z), indicating
global distributional deviation.

DISCOVER achieves a sample-budgeted and coor-
dinated intervention pattern. It concentrates edits
on a small subset of influential samples, yielding a
controlled OT(z) profile while producing an output
CDF that closely tracks the target.

We report the main quantitative comparison in Ta-
ble 2. Results are averaged over five predictive models
(SVM, MLP, Random Forest, XGBoost, and Light-
GBM) and are reported separately for differentiable
and non-differentiable settings.

We focus primarily on OT(z) and OT(y), which re-
spectively measure the Wasserstein distance between
the factual and counterfactual input and output dis-
tributions. These metrics directly reflect the quality
of distributional counterfactual explanations, as they
assess whether counterfactual edits simultaneously
preserve the structure of the input distribution while
steering model predictions toward the desired target
distribution.

Across datasets, DISCOVER attains the best or
second-best OT(z) in most settings and achieves the
lowest OT(y) in all non-differentiable settings.

In contrast, several baseline methods exhibit im-
balanced behavior between OT(x) and OT(y). For
instance, AReS frequently attains extremely small
OT(z) and MMD values, suggesting minimal pertur-
bations to the input distribution. However, this be-
havior is accompanied by substantially larger OT(y)
values in nearly all cases, showing that the output
distribution remains far from the target. This re-
flects the rule-based nature of AReS, which prioritizes



Table 2: Comparison of DISCOVER with counterfactual baselines on tabular datasets. OT(z) and OT(y)
denote input and output Wasserstein distances (lower is better). Results report mean + 80% CI across SVM,
MLP, RF, XGBoost and Light GBM. AReS Cost is reported for reference only (not optimized by DISCOVER).

Dataset Method OT(x) OT(y) MMD AReS Cost
AReS 0.022 £+ 0.057 0.539 £0.043 0.026 £0.071 2.076 + 2.038
COMPAS GLOBE 20.517 £ 53.679  0.009 £ 0.027 0.24240.050 1.070 £ 1.808
Diff DiCE 0.112 4+ 0.086 0.227 4+ 0.051 0.055 + 0.013 3.935 + 0.006
(Diff.) DCE 0.093 £+ 0.022 0.158 £ 0.030 0.089 £ 0.021 4.068 £ 1.167
DISCOVER 0.068 + 0.025 0.147 4+ 0.058 0.068 +0.020 4.037 4+ 0.636
AReS 0.017 £ 0.020 0.499 £0.135 0.028 £0.035 0.928 4+ 0.892
COMPAS GLOBE 0.354 + 0.028 0.248 £ 0.017 0.203 £ 0.026 1.425 + 0.852
. DiCE 0.067 + 0.005 0.238 +0.033 0.087+0.006 2.281 4+ 0.452
(Non-diff.) DCE — — — —
DISCOVER 0.059 + 0.002 0.141 4+ 0.047 0.084 + 0.010 2.922 4+ 0.098
AReS 0.001 + 0.001 0.296 £0.005 0.000 £0.000 1.775 =+ 4.857
HELOC GLOBE 1.600 4 0.290 0.117 £0.030 0.006 £ 0.000 2.581 + 0.067
Diff DiCE 0.022 £ 0.018 0.164 £ 0.061 0.005 4+ 0.000 5.534 + 5.129
(Dift.) DCE 0.120 £ 0.141 0.138 + 0.107 0.015+0.007 6.323 £ 0.232
DISCOVER 0.014 + 0.011 0.190 +0.025 0.003 + 0.002 9.485 4+ 0.194
AReS 0.001 £ 0.000 0.518 £0.197 0.001 £0.000 0.074 4+ 0.004
HELOC GLOBE 6.663 £+ 5.504 0.114 £0.082 0.060 £ 0.051 2.581 +0.125
. DiCE 0.070 4+ 0.041 0.232 4+ 0.042 0.046 +0.037 3.932 + 2.039
(Non-diff.) DCE —

DISCOVER 0.051 + 0.048 0.160 £ 0.035 0.032 £ 0.026 3.962 £ 1.933

AReS 0.018 + 0.055 0.783 +1.247 0.031 +0.089 0.854 + 0.451
Gormman Credit GLOBE 230847 £468.610 0.008 % 0.025 0.250 = 0.547  0.216 £ 0.072
: DiCE 0.055+0.144  0.110 +0.288 0.120 + 0.236 4.563 + 10.168
(Diff.)  peg 0.021 + 0.023 0.521 + 0.439 0.032 + 0.013 5.867 + 17.498
DISCOVER  0.047+0.125 0.103 + 0.092 0.097 +0.199 2.858 + 4.151
AReS 0.003 £ 0.003  0.668+0229 0.008+0007 1.127+1.145
German Credit GLOBE 0.030 £ 0.005  0.361+0.004 0.052+0.014 0.915 + 0.144
_ DiCE 0012+ 0.008  0.364+0.183 0.047 + 0.030 5.058 + 0.717
(Non-diff.) peog —

DISCOVER 0.012 £ 0.007 0.229 + 0.053 0.047 4+ 0.032

6.946 +1.738

conservative feature edits and feasibility constraints,
often at the expense of achieving meaningful distri-
butional shifts in model predictions. This leads to
counterfactual distributions that remain close to the
factual outputs under the OT criterion.

Similarly, DiCE, as an instance-based method, strug-
gles to coordinate counterfactual edits across sam-
ples. While it may achieve reasonable OT(z) values
in some settings, its OT(y) values are consistently
higher than those of DISCOVER, indicating limited
ability to align output distributions at the group level.
This is consistent with the limitation of instance-wise
generation when the evaluation target is defined over
distributions.

GLOBE exhibits high variance and occasionally ex-
tremely large OT(x) values (e.g., German Credit),

while achieving very small OT(y). This indicates
that GLOBE can reach output alignment by applying
large, near-uniform translations across many samples,
which moves the empirical input distribution far from
the factual manifold. Because OT(z) is a distribution-
level transport distance, a small number of failed or
overly aggressive runs can dominate the mean and
inflate the confidence interval. We therefore interpret
these results as evidence that translation-based group
recourse can be unstable under mixed constraints,
and we complement mean statistics with per-sample
profiles in Figure 2.

The original DCE method is included as a baseline
in differentiable settings. Although DCE and DIS-
COVER optimize the same certified distributional ob-
jective, DISCOVER remains competitive with DCE
and can sometimes achieve lower OT(z)/OT(y) un-



Table 3: Ablation of proposal guidance and editable feature types. Results are averaged over models (treated
as independent runs) and reported as mean + 95% confidence interval. For each dataset, the best (lowest)

value for each metric is highlighted in bold.

Dataset Method | OT(x) OT(y) MMD AReS Cost

DISCOVER [0.1128 + 0.0387 0.0281 + 0.0071 0.0461 + 0.0120 8.6432 + 0.8135

coMPpAg  Categorical only| 0.1423 & 0.0413  0.0297 & 0.0060 ~ 0.0494 £ 0.0101  8.8009 + 0.8645
numerical only | 0.1183 + 0.0390 0.0249 + 0.0061 0.0469 + 0.0101  8.7429 + 0.6693

No guidance | 0.1409 + 0.0406 0.0285 + 0.0055 0.0497 & 0.0081  9.1233 + 0.6132
DISCOVER [0.0529 + 0.0087 0.0194 + 0.0029 0.0223 + 0.0015 7.2161 + 0.4619

Cardi Categorical only| 0.0768 =+ 0.0190 0.0140 + 0.0040 0.0268 =+ 0.0017  7.4479 =+ 0.4979
ardio numerical only | 0.0650 + 0.0089 0.0206 + 0.0031 0.0280 + 0.0016  8.5790 + 0.4547
No guidance | 0.0909 + 0.0180 0.0155 & 0.0039 0.0326 4 0.0021  8.7970 =+ 0.5435
DISCOVER [0.0960 + 0.0158 0.0597 + 0.0175 0.0280 + 0.0018 7.7486 + 0.6226

HELOC  Catesorical only| 0.1490 £ 0.0225  0.0600 + 0.0188  0.0295 + 0.0019 ~ 8.8170 + 0.8046

numerical only
No guidance | 0.1605 + 0.0252

0.1097 £ 0.0183 0.0566 + 0.0178 0.0292 £ 0.0017
0.0573 £ 0.0188 0.0295 £ 0.0016

8.1970 £ 1.0586
9.6490 £ 0.8179

DISCOVER | 0.1126 + 0.0157

German Credit Categorical only| 0.1893 4 0.0336

No guidance

0.0430 £ 0.0246 0.0339 £ 0.0021 7.5343 + 0.2731
0.0489 £ 0.0265
numerical only [0.1037 + 0.0160 0.0408 £ 0.0247 0.0353 £ 0.0019
0.1631 £ 0.0249 0.0419 £ 0.0250 0.0377 4+ 0.0018

0.0357 £ 0.0017 7.2821 + 0.2376
8.5443 £ 0.3417
8.3696 + 0.2676

DISCOVER

Hotel Booking numerical only

No guidance

0.1081 + 0.0226 0.0257 £+ 0.0092 0.0259 + 0.0013
Categorical only| 0.1936 4+ 0.0732 0.0348 £ 0.0169 0.0260 %+ 0.0013
0.1250 £ 0.0276 0.0192 + 0.0077 0.0270 £+ 0.0013 15.6462 + 2.5465
0.1772 £ 0.0508 0.0291 + 0.0155

16.4801 £ 2.7424
18.2824 + 3.3721

0.0271 £ 0.0014 18.6048 + 3.1646

der the same evaluation budget. On German Credit
in the differentiable setting, DCE achieves a lower
OT(x), whereas DISCOVER, obtains a much lower
OT(y), reflecting a different input-output trade-off
under the same certified objective. We attribute this
behavior to the solver paradigm rather than a change
of objective. DCE follows a single-path gradient de-
scent that updates all samples simultaneously, which
can be sensitive to non-convexity, slicing approxi-
mations, and mixed-type constraints. In contrast,
DISCOVER performs budgeted edits and applies a
propose-and-select search over multiple candidate
distributions, providing a more robust update mech-
anism under stochastic and discrete proposal dynam-
ics. Consistent with this explanation, Figure 4 shows
that OT-guided proposals stabilize optimization tra-
jectories, while overly aggressive population updates
(larger k) lead to unstable behavior. Additional abla-
tions on key solver components are reported in the
Appendix E.

4.3 Ablation Study

We ablate solver components (Figure 4) and editable
feature subsets (Table 3), and sweep h and k for
stability—efficiency trade-offs under fixed budget.

Table 3 shows that allowing both numerical and cat-
egorical edits generally yields the lowest OT(x). Re-
stricting edits to a single type often increases OT(z),

indicating reduced flexibility for transport-consistent
updates.

For OT(y), numerical-only editing is often competi-
tive (e.g., COMPAS, HELOC, German Credit, and
Hotel Booking), while categorical edits matter on
datasets where discrete switches are needed (e.g., Car-
dio). Overall, enabling both types provides the most
reliable balance between OT(x) and OT(y). This is
consistent with the objective structure: numerical ed-
its follow the continuous geometry of SW?, whereas
categorical edits introduce discrete moves that can
be harder to optimize but sometimes necessary.

Numerical updates align well with the continuous
geometry induced by SW?, while categorical updates
introduce discrete jumps that can be harder to op-
timize but may be necessary to achieve target align-
ment under constraints.

Figure 4 summarizes optimization trajectories of
OT(x), OT(y), and @ across datasets, models, and
solver settings.

Column 1 compares German Credit under two set-
tings: with OT-guided cone sampling (top) and with-
out it (bottom). When cone guidance is enabled, all
three quantities decrease smoothly and remain stable.
Without guidance, OT(z) shows large fluctuations,
which propagate to the objective Q. As a result, both
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Figure 4: Optimization dynamics of DISCOVER across datasets, models, and solver settings. Each subplot
reports input-side distance OT(z)(blue), output-side distance OT(y)(red), and the objective @ over iterations.
Column 1 compares German Credit with OT-guided cone sampling and without cone guidance. Column 2
compares different within-row update budgets A on HELOC with Light GBM. Column 3 compares different
top-k budgets on COMPAS with SVM. Column 4 compares Monte Carlo and Genetic proposal strategies on
Cardio with Random Forest. Column 5 visualizes the transition from infeasible to feasible iterates. Solid lines
denote the mean over five random seeds, and shaded regions denote standard deviation.

the final OT(x) and OT(y) values and the objective
are worse than in the guided case, highlighting the
stabilizing role of input-side geometric guidance.

The second column analyzes the effect of h, the num-
ber of features updated per selected sample, on HE-
LOC with LightGBM. Increasing h from 2 to 8 leads
to faster convergence. The variance of @ and OT(y)
is substantially larger for h = 2, while h = 8 yields
smoother trajectories. Larger h accelerates the de-
crease of @@ and OT(y), at the cost of a modest in-
crease in OT(z) variance.

The third column studies the impact of k, the num-
ber of samples updated per iteration, on COMPAS
with an SVM. With & = 3, OT(z), OT(y), and Q
converge smoothly and remain stable. In contrast,
k = 10 leads to large fluctuations and wide variance
bands, and the final solution is inferior across all met-
rics. This supports the top-k design: sample-level
interventions stabilize the OT objective, while large-k
updates amplify coupling noise. We further examine
whether the selected top-k set is fixed by initializa-
tion. Appendix F.3 shows that top-k membership
changes over iterations, while the magnitude of the
per-row scores generally decreases as optimization
progresses.

The fourth column compares Monte Carlo and Ge-
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netic optimizers on Cardio with a Random Forest.
Both optimizers reach similar mean trajectories and
final values of . However, Monte Carlo exhibits
noticeably larger variance, reflecting higher stochas-
ticity across runs.

The last column visualizes feasibility during optimiza-
tion. The top panel plots (), where purple indicates
infeasible iterates and yellow indicates feasible ones.
After finite iterations, marked by the vertical dashed
line, the optimization enters the feasible region. The
bottom panel shows that this transition coincides
with a balance between OT(x) and OT(y), confirm-
ing that feasibility is achieved when input proximity
and output alignment are jointly satisfied.

5 Conclusion

In this paper, we introduced DISCOVER, a model-
agnostic solver for distributional counterfactual expla-
nations that preserves the certified optimal-transport
objective of DCE. DISCOVER identifies influential
samples through a sample-wise OT decomposition
and applies a top-k intervention budget to localize
distributional edits. Across multiple tabular datasets
and predictors, DISCOVER achieves strong align-
ment between input and output distributions. Cru-
cially, these improvements are obtained without re-
lying on predictive model gradients. As a modular



and architecture-agnostic approach, DISCOVER inte-
grates naturally with black-box tabular pipelines and
broadens the applicability of certified distributional
explanations.
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A Related Work

Counterfactual explanations (CE) aim to provide ac-
tionable insight by identifying feasible input changes
that alter a model prediction. Wachter et al. Wachter
et al. (2017) formulate CE as an optimization prob-
lem that balances proximity to the factual instance
and alignment with a target outcome, which has
motivated a broad literature Guidotti (2022).

Group-level, global, and transport-based re-
course. Recent work also studies cohort-level and
group counterfactual explanations. AReS Rawal and
Lakkaraju (2020) and GLOBE Ley et al. (2023) sum-
marize recourse patterns across groups, while Warren
et al. Warren et al. (2024) and Artelt and Grego-
riades Artelt and Gregoriades (2024) study multi-
instance or group-level counterfactual explanations
with an emphasis on coordinated recourse for multiple
instances. Other work connects counterfactual rea-
soning with optimal transport: De Lara et al. De Lara
et al. (2024) study transport-based counterfactual
models, Carrizosa et al. Carrizosa et al. (2024) formu-
late group counterfactual explanations through math-
ematical optimization for mixed tabular data, and
Valero-Leal et al. Valero-Leal et al. (2026) study opti-
mal transport maps and plans for groups and param-
eterized distributions, including geometry-preserving
constraints beyond Wasserstein distance.

Model-agnostic and black-box counterfactual
generation. A large body of work studies counter-
factual generation for black-box predictors through
model-agnostic objectives and derivative-free search.
Representative examples include MACE Yang et al.
(2022), NICE Brughmans et al. (2021), which
generates nearest-instance counterfactual explana-
tions, and the branch-and-bound model-agnostic
algorithm of Raimundo et al. Raimundo et al.
(2024), which mines Pareto-optimal counterfactual an-
tecedents. Other lines of work include reinforcement-
learning-based approaches for scalable black-box re-
course Samoilescu et al. (2021), causally constrained
generation methods such as MC3G Dasgupta et al.
(2025), and plausibility-oriented tabular frameworks
such as CountARFactuals Dandl et al. (2024). Ge-
netic and sampling-based optimizers have also been
used in other domains, such as molecule counterfac-
tual generation Wellawatte et al. (2022). These meth-
ods focus on instance-level recourse or antecedent
search, and they do not optimize transport-based
distances between empirical input and output distri-
butions.

Distributional counterfactual explanations.
Distributional Counterfactual Explanations
(DCE) You et al. (2025) adopt a distribution-level
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formulation. DCE seeks a counterfactual input
distribution that steers the model output distribution
toward a target while remaining close to the original
population under optimal transport constraints Peyré
et al. (2019). It provides a certification mechanism
for finite-sample feasibility. The original DCE solver
relies on gradient-based optimization and assumes
differentiable predictors and pipelines, which restricts
direct applicability to pipelines where the predictor
and preprocessing are non-differentiable Breiman
(2001); Friedman (2001); Shwartz-Ziv and Armon
(2022); Erickson et al. (2025).

Distribution-aware counterfactual attribution.
Related work has also leveraged distributional infor-
mation to guide counterfactual explanations at the
feature attribution level. For example, You et al.
(2026) incorporate joint distribution—informed Shap-
ley values to identify sparse and interpretable coun-
terfactual attributions. While sharing a distribution-
aware perspective, these approaches focus on explain-
ing and ranking feature-level interventions, rather
than generating counterfactual input distributions or
addressing solver design.

Positioning of DISCOVER. DISCOVER builds
on the certified OT formulation of DCE while in-
troducing a sparse, propose-and-select distributional
search paradigm that does not query model gradients.
It makes the sample-level structure induced by trans-
port objectives explicit through per-sample impact
scoring, and supports black-box predictors through
modular candidate proposals guided by input-side
OT geometry. This design extends certified distribu-
tional counterfactual explanations to realistic tabular
pipelines while keeping the same OT objective and
applying the same UCL-based feasibility check as in
DCE.

B Limitations of Gradient-Based
Optimization

Tabular prediction tasks often rely on non-
differentiable or only piecewise smooth models
Shwartz-Ziv and Armon (2022); Erickson et al. (2025).
Tree- and rule-based methods remain strong baselines
in this setting, particularly for datasets with mixed
feature types, missing values, and structured con-
straints Breiman (2001); Friedman (2001). Moreover,
real-world tabular pipelines frequently include pre-
processing steps such as discretization, thresholding,
and rule-based logic, which can render an otherwise
differentiable model non-differentiable as a whole.
As a result, many deployed tabular systems do not
provide reliable input gradients.

However, the limitations of gradient-based solvers in



distributional counterfactual generation extend be-
yond the mere absence of gradients. The original
DCE solver performs joint updates of an empirical
counterfactual distribution through smooth descent
steps, implicitly assuming that the optimization land-
scape is well behaved under global, population-wide
perturbations. In realistic tabular settings, the dis-
tributional objective is highly non-convex and de-
fined over mixed continuous and categorical domains,
where gradients can be unstable, noisy, or misleading
even when differentiability holds.

More fundamentally, optimal-transport—based distri-
butional objectives exhibit an inherent sample-wise
coupling structure: population level shifts are often
driven by a relatively small subset of influential indi-
viduals rather than uniform movement of all samples.
This suggests that practical recourse interventions
are naturally budgeted, in the sense that only a lim-
ited number of instances can be meaningfully edited
at each step while the remainder of the empirical dis-
tribution should remain unchanged. Gradient-based
solvers, which treat all samples symmetrically, fail
to exploit this sparsity and can therefore produce
inefficient or difficult-to-interpret updates.

These challenges motivate the need for a model-
agnostic optimization paradigm that (i) localizes dis-
tribution editing under an explicit top-k intervention
budget, and (ii) enables structured search over coun-
terfactual distributions without relying on predictive
model gradients, while preserving the certified DCE
objective.

C Theoretical Foundations from
Distributional Counterfactual
Explanations

This section summarizes the key theoretical founda-
tions of DCE that are inherited by DISCOVER.

C.1 Optimal Transport and Sliced Wasserstein

DCE formulates distributional counterfactual ex-
planations by measuring input proximity and out-
put alignment via optimal transport (OT). For
one-dimensional distributions 71,2, the squared 2-
Wasserstein distance is defined as

inf

W2(y1,72) £
(’Vl 72) m€Il(y1,72)

/Hmemmm»
RxR
(9)

where II(v1,72) is the set of transport plans with
marginals v; and v, [You et al. (2025), Eq. (1)].

For high-dimensional inputs, DCE uses the sliced
Wasserstein distance, which averages 1D Wasserstein
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distances over random projections:

W) 2 [ WO 00) dof®). (10)

where ¢ is the uniform measure on the unit sphere
and ¢y denotes the push-forward under projection
[You et al. (2025), Eq. (2)]. This choice preserves a
quantile-based interpretation while enabling scalable
computation.

DCE casts distributional counterfactual generation
as a chance-constrained problem. Given a factual
input distribution 2’ and a model b : R — R, let
y' = b(z') be the factual output distribution and
let y* be a target output distribution. DCE seeks a
counterfactual input distribution x that is close to =’
while producing outputs close to y*:

max P (11)
st. P <P[SW(z,2) < U,], (12)
P <PW(b(z),y*) < U,], (13)
P>1-2, (14)

2

[You et al. (2025), Eq. (3)]. The output-side Wasser-
stein distance admits an explicit quantile form. With
y = b(),

1

W) = [ (5w -

which directly compares matched quantiles of the two
output distributions [You et al. (2025), Eq. (4)].

(9))°dg,  (15)

DCE also shows that the empirical estimation error
rate for SW? matches that of the 1D W? estima-
tor under its assumptions. Formally, if W? admits
sample complexity £(n) for 1D empirical estimation,
then SW? admits the same £(n) in R? [You et al.
(2025), Proposition 3.1]. DISCOVER inherits these
OT quantities, since its solver still evaluates candi-
date distributions using the same SW?(z,z’) and
W2(b(z), y").

C.2 Upper Confidence Limits for Certification
To certify feasibility under finite samples, DCE
derives upper confidence limits (UCLs) for both
the output-side W2(b(z),y*) and the input-side
SW?(z,2'). Let § € (0,3) be a trimming constant.
DCE provides a uniform confidence statement (with

level 1 — a/2) for the following UCL forms [You et al.
(2025), Theorem 3.2].

For the output-side Wasserstein term, define
D(u) 2 max{ Fy Ydan(w) = Fyl(a, (),

(16)
P () — Fyia,, () }.



[You et al. (2025), Eq. (7)]. Then, with probability
at least 1 — a/2,

1
1-2¢

1-6
W@)r') < 1= [ Dlwydu. (1)

[You et al. (2025), Eq. (6)]. DCE denotes the right-
hand side as an output-side UCL and checks feasibil-
ity by requiring

a1 1-5
2 _ - D < 1
W 1725/5 (Wdu<U,  (18)

[You et al. (2025), Eq. (10)].

For the input-side sliced Wasserstein term, let
01,...,0n be ii.d. projection vectors and let oy
be the corresponding empirical measure. Define

F;rlx,n(qa7” (U))

F@irlz’ ,n(qo‘v" (u))

De,n(u) £ max{ - FOirlz/,n(ga,n<u))’

_ 1

(19)
[You et al. (2025), Eq. (9)]. Then, with probability
at least 1 — a/2,

SW3(z,2") <

1-6
/ D97N(u) du d(TN(e),
si-1.J§
(20)
[You et al. (2025), Eq. (8)]. DCE denotes the right-
hand side as an input-side UCL and checks feasibility
by requiring

1—-29

1-6
Dy n(u) dudon(0) < Uy,

(21)

=32 A 1
1 —20 Jsar Js

[You et al. (2025), Eq. (11)].

These UCLs operationalize the chance constraints in
the DCE formulation while remaining independent of
the particular solver. DISCOVER inherits the same
certification step by applying the same UCL compu-
tations to candidate counterfactual distributions.

C.3 Riemannian BCD Objective and Interval
Narrowing for 7

DCE solves the chance-constrained formulation by
optimizing a weighted objective that balances input
proximity and output alignment. Let z = {z;}?_; be
an empirical counterfactual input distribution and let
y* = {y;k =1 be an empirical target output distribu-
tion. With projection set © = {0, }_,, DCE defines
the empirical OT objectives (we use the standard 1/N
normalization for the Monte Carlo approximation of

iala,, ) }-
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SW?)

J6F 0 — 0L}
1

1 N

n
k=1 i=

n

h (22)

Qy(w,v) 2 33 |lbaa) — v || v,

i=1 j=1

(23)

[You et al. (2025), Eq. (12)—(13)]. For a fixed balance
parameter 7 € [0, 1], DCE combines them as

Q(x, p,v,n) £ (L=n) Qulz,p)+n- Qy(z,v), (24)
[You et al. (2025), Eq. (15)].

A key theoretical point in DCE is that, under feasi-
bility, there exists an n* € [0,1] such that minimizing
Q(-,n*) yields an optimal solution of the original con-
strained problem [You et al. (2025), Theorem 4.1].
This motivates dynamically adapting n rather than
fixing it.

DCE computes 1 from the UCL gaps and then refines
a feasible interval [I,7] across iterations. Let
p— —2
a=U,—8SW", b=U,-W",
where SW° and W’ are the UCLs defined above

[You et al. (2025), Eq. (10)—(11)]. DCE specifies the
balancing rule

a%_b, if @ and b are both negative,
n= 2435, if a and b are both non-negative
(but not both zero)

0.5, ifa=b=0,

(25)
[You et al. (2025), Eq. (25)]. This rule assigns
more weight to the side that is either more violated
(both negative case) or closer to violation (both non-
negative case) [You et al. (2025), Appendix D].

After computing 1, DCE applies Interval Narrowing
to update the interval [I,7]. We restate the interval
narrowing procedure from DCE for completeness [You
et al. (2025), Algorithm 2].

In DCE, the interval [I,7] and & are carried across
runs so that 7 is refined progressively rather than
changing abruptly [You et al. (2025), Algorithm 2
and the discussion around it]. DISCOVER inherits
this balancing principle. Even though DISCOVER
replaces gradient-based updates with solver-driven
candidate search, it still uses the same two UCL gaps,
the same 7 balancing rule, and the same interval
narrowing mechanism to maintain the intended trade-
off between input proximity and output alignment.



Algorithm 4 Interval Narrowing

Require: W2, WQ,
1)

Uz, Uy, [I,r], and k (0 < k <

Ensure: 7
1: n < Balance the gaps SW” and W’
2: if n > (I+r)/2 then
3 Ll 1l+r(r—1)
4: else
5 r+r—kr(r—1)
6: end if
7: Save [I,7] and k as the input for the next run
8: return 7

D Key Properties of DISCOVER

This section provides short proofs for the two key
properties stated in the main text.

D.1 Proof of Proposition 3.1
By definition,

Zzwk zi — O | ).

]cljl

Summing over i and reordering the summations gives
n (@) 1 N n n

T T
SVEEE S W NI
i=1 k=1i=1 j=1
Similarly, using the definition
Z!b

Qy(z,v). Finally,
nya

n
DI
=1 =1

(!L‘,/J) + nQy(x V)

(k)

2
(y) - y;‘| Vi,

we obtain Y 7" | qz(y)

zqz_
=( e,

S

Q(x, i, v,n).

D.2 Proof of Proposition 3.2

Let X(© = X be the no-op proposal included in the
candidate set. By construction,

QUm = _min QX n)
< QX)) = Q(X;n).

Therefore the propose-and-select step is monotone
(non-increasing) in the certified objective for the fixed
7 used during candidate evaluation.

= Qq (2, ).
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E Additional Ablation Results

Table 4 reports additional ablations for two solver
hyperparameters. We vary the within-row update
size h under the Monte Carlo strategy and the inter-
vention budget k£ under the Genetic strategy, while
keeping the remaining components fixed.

Effect of h. Increasing h expands the local proposal
scope within each selected sample. Across datasets,
larger h tends to reduce OT(y) more quickly, but it
can increase OT(x) and MMD when proposals be-
come less local. This behavior directly reflects the role
of the OT-guided cone sampler: DISCOVER is most
effective when proposals remain transport-consistent
rather than performing large unconstrained jumps.
The best trade-off often occurs at intermediate values,
suggesting that h primarily controls exploration scale
within the propose-and-select framework.

Effect of k. The budget k controls how many sam-
ples can be edited per iteration. On heterogeneous
datasets, larger k can reduce OT(y) in some settings,
but it also increases variance and can worsen OT(z).
This supports the core sparsity mechanism of DIS-
COVER: distributional alignment is achieved through
targeted top-k interventions, rather than uniformly
shifting the full population. Overall, these results
justify using a small intervention budget to stabi-
lize certified distribution-level search under black-box
predictors.

F Qualitative Analysis of Distributional
Counterfactuals

This section provides qualitative visualizations to
complement the quantitative evaluation in the main

paper.

F.1 Distributional Shifts across Datasets

Figure 6 visualizes how DISCOVER reshapes empir-
ical input and output distributions across datasets
with mixed feature types. For numerical features and
prediction scores, DISCOVER shifts the empirical
CDFs toward the target while largely preserving the
overall shape of the factual distributions, which is
consistent with low input-side transport distance. For
categorical features, frequency changes are concen-
trated on a small number of categories, rather than
spreading mass broadly across many levels.

Across datasets, the counterfactual outputs move
toward the target distribution while the input distri-
butions remain close to the factual reference. These
visual patterns align with the OT-based metrics re-
ported in the main results and provide an inter-
pretable view of distribution-level recourse.
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Figure 5: Sample-level counterfactual shifts produced
by DISCOVER on the Cardio dataset. Points denote
factual (blue) and counterfactual (red) samples in
the weight—systolic blood pressure plane, with arrows
indicating the update direction and magnitude. Point
size encodes diastolic blood pressure (ap_lo), and
color reflects the corresponding reduction in predicted
risk.

F.2 Sample-Level Counterfactual Shifts in
Feature Space

Figure 5 illustrates sample-level movements induced
by DISCOVER in the input space. Arrows visualize
the change from each factual instance to its counter-
factual counterpart, while color encodes the absolute
change in model output, |b(z) — b(z')|.

Two patterns are consistent with the solver design.
First, most updates remain local, and larger move-
ments are concentrated on a subset of samples, which
matches the top-k intervention mechanism. Sec-
ond, samples with larger output changes typically
exhibit larger input displacements, indicating that
distribution-level alignment is achieved through tar-
geted edits rather than uniform shifts of the entire
population.

F.3 Dynamic Reweighting of Sample
Contributions

Figure 7 shows ¢;(t) when samples are ordered by
long-run top-k selection frequency. Because the col-
ormap is normalized per iteration, the figure high-
lights how the solver concentrates attention within
each iteration. A small set of samples is repeatedly
selected, which indicates persistent influential con-
tributors under the current transport coupling. At
the same time, non-selected samples still exhibit non-
zero scores, since ¢;(t) is evaluated for all samples
before top-k gating.

Figure 8 shows the same trajectories under an
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initialization-based ordering and a global color scale.
Early iterations concentrate mass on initially influ-
ential samples, but top-k membership changes over
time, which indicates that influence is not fixed by
initialization. The global scale also reveals a decrease
in the overall magnitude of ¢;(¢), which is consis-
tent with a reduction in transport discrepancy as
optimization progresses.

Overall, these visualizations show that DISCOVER
combines global reweighting of sample influence with
sparse top-k interventions. This mechanism concen-
trates edits on samples that contribute most to the
current transport discrepancy while maintaining a
stable distribution-level optimization process.

F.4 Computational Complexity of DISCOVER

Notation. Let n be the number of samples in the
empirical distribution, d the number of input features,
N the number of random projection directions used
to approximate the sliced Wasserstein distance, T' the
number of outer iterations, M the number of candi-
date proposals per iteration, k the top-k intervention
budget (number of editable rows per iteration), and
h the number of edited features per selected row (a
within-row update budget). For categorical feature p,
let |V},| be its number of discrete values and let r be
the embedding dimension used in the categorical pro-
posal step. Let C}, denote the cost of one forward call
to the predictor b(-) on a single sample (model-query
cost; for vectorized inference Cj can be interpreted
as amortized per-sample cost).

One-time precomputation. Because the factual
distribution X’ and target outputs Y* are fixed, we
can precompute: (i) for each projection 6, (k =
1,...,N), the projected factual scalars {9;—1}3 T
and their sorted order; and (ii) the sorted target

outputs {y;}7_;. This costs
O(N(nd +nlogn) + nlogn)

time and stores O(Nn) projected scalars (plus in-
dices).

Cost of evaluating the certified objective on
one distribution. Evaluating the certified objec-
tive Q(X; 1) = (1-1)Qz(X)+nQy(X) on a candidate
empirical distribution X requires:

e Input-side SWs: for each projection 6,
compute {0, z;}7, (O(nd)), sort the pro-
jected values (O(nlogn)), and compute
the 1D OT cost and UCL terms via rank-
matching (O(n)). Thus, for N projections,

O(N(nd+ nlogn)).
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Figure 6: Empirical distribution visualizations of factual and counterfactual samples generated by DISCOVER
on German Credit, Cardio, HELOC, and Hotel Booking. For numerical features and model outputs Y, curves
show empirical CDFs with the horizontal axis representing feature values or risk scores. For categorical
features, bar plots indicate empirical frequencies. Gray curves correspond to factual distributions, dashed
black curves denote target output distributions when applicable, and colored curves represent DISCOVER,
counterfactuals.

e Output-side W5: evaluate the predictor

on all samples y; = b(xz;) (O(nCy)), sort
{yi}’~; (O(nlogn)), and compute the 1D
OT cost and UCL terms (O(n)). Overall,

O(nChy +nlogn).

Therefore, a full evaluation of Q(X;7n) (including the
UCL-based feasibility checks used to update 7)) costs

O(N(nd+ nlogn) + nCy + nlogn).  (26)

Per-iteration cost of DISCOVER (worst-case,

recomputing from scratch).

At outer iteration

t, DISCOVER performs:

1. Evaluate Q(Xy;7;) and update 7;: one

call to equation 26.
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2.

3.

Compute per-row impact scores and se-
lect top-k: given the rank-matching struc-
ture produced while computing SWy and
Ws, the per-row contributions can be accu-
mulated in O(Nn + n) time (plus a top-k
selection that is O(n) expected via selection,
or O(nlogn) if fully sorting). This does not
change the leading-order term of equation 26.

Compute the input-side guidance field
g: if we materialize a full gradient-like field
g € R™? from the sliced OT matches,
the accumulation across N projections costs
O(Nnd). (If guidance is only needed on
the editable set I of size k, this reduces to
O(Nkd); see below.)

Generate M candidates (proposal step):
each proposal edits only k£ rows and h fea-
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Figure 7: Heatmap of ¢;(¢t) with samples sorted by
their top-k selection frequency across iterations (k=3,
20 samples shown). The horizontal axis denotes the
iteration index t. The vertical axis corresponds to
sample indices after sorting by how frequently each
sample appears in the top-k set over all iterations.
Color encodes ¢;(t) using per-iteration min—max nor-
malization, so the colormap emphasizes relative im-
portance within each iteration. White circular mark-
ers indicate samples selected into the top-k set at
iteration t.

tures per row. For numerical edits, this costs
O(MEh). For categorical edits, decoding
may require scanning all categories in edited
features, yielding O (M E> PECoie

the worst case, where Cqq;;y denotes the set
of edited categorical features.

|Vp|r) in

5. Select the best candidate via certi-
fied objective: naively, DISCOVER evalu-
ates Q(+;m:) for each candidate Xt(m) (m =
1,..., M), which costs M additional calls
to equation 26.

Putting the dominant terms together, the worst-case
per-iteration time complexity is

O((M—l— 1)<N(nd+nlogn) +an+nlogn>

+Nnd + Mkh),
(27)

where the Nnd term corresponds to computing a
dense guidance field g. In practice, the proposal-
generation cost Mkh is typically dominated by can-
didate scoring unless M is extremely small.
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Figure 8: Heatmap of ¢;(t) with samples sorted by
their initial ranking induced by ¢;(0) (k=3, 20 sam-
ples shown). The horizontal axis denotes the iteration
index t. The vertical axis corresponds to sample in-
dices ordered by the initial ranking, with initial top-k
samples appearing at the top. Color encodes g;(t)
using a global min—max scale shared across iterations,
which highlights changes in absolute magnitude over
time. White circular markers indicate samples se-
lected into the top-k set at iteration ¢.

Hence the total worst-case runtime over 1" iterations
is

(’)(T(M +1) (N(nd +nlogn) +nCy + nlog n))

(dominant term).

Sparsity-aware amortized cost (recommended
implementation). The top-k intervention budget
implies that each candidate differs from X; in only &
rows. This permits two practical optimizations that
reduce constant factors and, with additional data
structures, can also reduce asymptotic costs:

e Sparse guidance: compute guidance only
on the editable set I, reducing the guidance
construction from O(Nnd) to O(Nkd).

e Incremental model queries: because only
k rows change, one can cache y; = b(x;) for
the current iterate and re-evaluate b(-) only
on edited rows for each candidate, reducing
model calls from O(nCy) to O(kCy) per can-
didate. The output-side sorting step remains
O(nlogn) if recomputed from scratch, but



Table 5: Runtime analysis of DISCOVER on COMPAS with a Light GBM classifier. Runtime is reported as

mean + standard deviation (seconds) over five runs.

Sample Size (n) | Top-k
n 25 50 100 150 200 |k 1 2 3 5 10
Runtime 34.8 61.5 146.1 322.3 499.3 | Runtime 35.3 35.8 36.7 37.9 41.2
Std 4.1 24 97 255 239 |Std 23 24 25 25 29
Cone Parameter (h) | Trials (T')
h 1 2 3 5 8 T 5 10 20 40 80
Runtime 35.4 35.4 35.6 35.7 36.1 | Runtime 25.8 28.8 35.3 484 744
Std 23 23 23 2.3 2.4 | Std 1.2 16 24 36 6.5

can be updated in O(klogn) if maintaining
an order-statistics structure.

Incremental projections: similarly, pro-
jected values 6} z; can be cached and up-
dated only for edited rows, reducing projec-
tion computation from O(Nnd) to O(Nkd)
per candidate. As above, sorting can be
recomputed from scratch (O(Nnlogn)) or
incrementally updated (O(Nklogn)) with
balanced-tree / order-statistics maintenance
per projection.

Under caching and incremental updates with recom-
puted sorting (a conservative middle ground), the
per-candidate evaluation cost becomes

O(N(kd + nlogn) + kCy + nlogn),

while the dense-from-scratch baseline remains equa-
tion 26. If incremental sorting is used, the nlogn
terms can be replaced by klogn in both the input
and output sides.

Storing the current distribution X € R"*¢ requires
O(nd) memory. Caching projected scalars for N pro-
jections requires O(Nn) memory, and storing the
predictor outputs requires O(n). Per-row scores re-
quire O(n). A dense guidance field g € R"*¢ costs
O(nd) memory, but can be avoided by computing
guidance only for the editable set, reducing storage

to O(kd).

The DISCOVER algorithm in the main paper is writ-
ten as if all M candidates are materialized; that would
require O(Mnd) memory. However, a streaming im-
plementation that generates and scores candidates
one-by-one only needs to keep the best-so-far candi-
date, reducing memory to O(nd + Nn) (plus caches
and small proposal buffers).
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G Reproducibility and Configuration
Details

To support reproducibility, experiments in this work
are driven by explicit configuration files and exe-
cutable scripts. All experiments can be reproduced.
In particular, baseline comparison experiments are
executed through provided notebooks, while abla-
tion studies are conducted using Python scripts with
structured JSON-based configuration files. Baseline
methods are evaluated using their original imple-
mentations, following the default or recommended
parameter settings provided by the respective au-
thors. Consequently, baseline hyper-parameters are
not globally fixed across datasets, which is consistent
with common practice in counterfactual explanation
benchmarks.

For DISCOVER, parameter choices are structured
to isolate the effect of individual components. In ab-
lations of the OT-guided cone sampling mechanism,
both the intervention budget and the within-sample
update budget are fixed to £k = 1 and h = 3, re-
spectively. This ensures that observed differences are
attributable solely to the presence or absence of cone
guidance. Cone sampling is evaluated under four vari-
ants: full guidance, continuous-only, categorical-only,
and no guidance, using a shared candidate generation
budget and the Monte Carlo proposal strategy on all
five datasets.

In experiments analyzing sparse intervention budgets,
the cone sampling configuration is held fixed and ap-
plied uniformly to both continuous and categorical
features. We then study the effects of top-k and
h through separate controlled sweeps. Specifically,
in the h-ablation, the top-k intervention budget is
kept fixed while varying the number of features up-
dated within each selected sample over h € {1,2,4,8}.
Conversely, in the top-k ablation, the within-sample
update budget h is fixed while varying the number of
edited samples per iteration over top-k € {3,10,20}.



Table 6: Performance comparison of model agnostic counterfactual explanation methods on COMPAS using

SVM and MLP.
Method SVM MLP
OT(z) OT(y) MMD AReS Cost OT(z) OT(y) MMD AReS Cost

AReS 0.078 0.503 0.075 3.391 0.014 0.625 0.016 1.871
GLOBE 37.127 0.018 0.226 1.658 3.124 0.000 0.238 0.464
DiCE 0.085 0.244 0.051 3.933 0.104 0.199 0.070 3.973
DCE 0.100 0.167 0.082 3.689 0.064 0.160 0.070 3.354
NICE 0.117 0.261 0.087 3.122 0.156  0.268 0.102 2917
MAPOCAM 0.272 0.172 0.148 4.059 0.281 0.126 0.161 3.858
DISCOVER 0.076 0.235 0.048 3.175 0.147 0.099 0.092 4.427

These ranges are chosen to cover both conservative
and more aggressive intervention regimes while main-
taining sparse but non-trivial distributional updates.
Both Monte Carlo and Genetic optimizers are eval-
uated under these budgeted configurations on four
datasets.

All quantitative results are averaged over multiple
random seeds. Cone-sampling ablations use three
independent runs per setting, while experiments in-
volving top-k and h variations use five independent
runs per setting to ensure stability of the reported
distribution-level OT metrics. Each run starts from
n = 50 factual samples and returns one empirical
counterfactual distribution if the final DCE-style fea-
sibility check is satisfied. For binary classifiers, target
outputs are constructed using the decision threshold
of the corresponding trained classifier, set to 7¢js = 0.5
in our experiments.

H Runtime and Scalability Analysis

We further report an empirical runtime analysis of
DISCOVER on COMPAS with a Light GBM classi-
fier. Runtime is reported as mean + sample standard
deviation over five repeated executions. The results
show that runtime mainly increases with the sample
size and the number of trials. In contrast, increasing
the top-k budget or the cone parameter h only intro-
duces a modest runtime increase under the default
setting. This provides an empirical profile of the
computational cost of DISCOVER under different
search budgets and input sizes.

| Additional Model Agnostic Baselines

We additionally compare DISCOVER
with NICE Brughmans et al. (2021) and
MAPOCAM Raimundo et al. (2024), two model
agnostic counterfactual explanation methods based

on non differentiable search. Table 6 reports the
results on COMPAS with SVM and MLP classifiers.
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On SVM, DISCOVER achieves the lowest OT(z) and
MMD among all methods. On MLP, DISCOVER
achieves the lowest OT(y) and improves over NICE
and MAPOCAM on OT(z), OT(y), and MMD.
Overall, these results suggest that DISCOVER
provides modest improvements over existing model
agnostic search baselines in terms of distributional
counterfactual quality.
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