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ABSTRACT

On-policy self-distillation (OPSD) lets a language model learn from a frozen copy
of itself that sees an answer or a worked solution. Giving the teacher this extra
information seems to offer the student more to learn, but how much does it add
beyond distillation itself? To isolate that contribution, we construct AMPLE-
MATH, a reusable suite of 5,319 mathematical problems with six reasoning views
that share the same answer, and compare each view with matched reference-free
distillation. With a thinking-enabled teacher supervising direct-response rollouts,
reference-free distillation accounts for much of Qwen3-1.7B’s improvement under
thinking-enabled evaluation, both in domain and on external benchmarks. Evidence
for an additional reference benefit is modest in Qwen, strongest for a polished
solution, whereas complete traces add two percentage points in SmolLM3-3B
at step 50. These benefits depend on the student being trained. At the same
checkpoint, replacing short direct-response rollouts with long thinking-enabled
rollouts turns gains into losses in both families while the problems, references, and
evaluation stay fixed. Teacher profiles and matched loss interventions in Qwen
further show that changing token-level supervision can leave student behavior
largely unchanged. Together, these findings suggest that OPSD can improve access
to existing reasoning capabilities through parameters shared by direct-response and
thinking-enabled inference. The value of a privileged reference is what it adds to
this cross-mode transfer, not how much of the solution it reveals.

1 INTRODUCTION

A worked solution gives a teacher information that its student does not have. On-policy self-distillation
(OPSD) uses this asymmetry to improve a language model without a separate, larger teacher. A frozen
copy of the model sees the solution and scores responses generated by the student, which sees only
the problem (Agarwal et al., 2024; Zhao et al., 2026a). As in learning with privileged information(PI)
(Vapnik & Vashist, 2009; Lopez-Paz et al., 2016), the extra information supports training without
being needed at inference. Similarly, the best content and form of privileged information for this type
of training remains undecided. A fuller reference reveals more about the solution, but does it give the
student more to learn?

Improvement over the base model alone does not answer that question. Recent studies find useful
supervision with absent or other-problem references (Shrestha & Tessier, 2026; Ichihara et al., 2026),
while structured guidance can outperform complete solutions (Zhao et al., 2026b). These findings
establish the need to separate what a reference contributes from what distillation already achieves.
We build on these controls by holding the answer fixed across reasoning representations and tracking
their effects as the student changes. In OPSD, the teacher scores the student’s own prefixes rather than
supplying a solution to reproduce. A reference must therefore help the teacher give useful feedback
on the student’s attempt.

To study this interaction while holding answer information fixed, we construct AMPLE-MATH
(Answer-Matched Privileged Levels of Explanation) from OpenThoughts-114k (Guha et al., 2026).
Each of its 5,319 problems has six views, from ANSWER ONLY to FULL TRACE, sharing one verified
answer while varying the reasoning representation. We compare each view with a reference-free
control under the same training configuration (Figure 1). A thinking-enabled teacher supervises
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Figure 1: What does the reference add to distillation? The frozen, thinking-enabled teacher scores
student prefixes with or without privileged information. Lower panels illustrate correctness alignment
and diagnostic profiles. The loss is schematic, with clipping specified in Equation 1.

direct-response rollouts (Zhao et al., 2026a; Ichihara et al., 2026), and we evaluate the student with
thinking enabled. Comparisons in Qwen3-1.7B (Yang et al., 2025) and SmolLM3-3B (Bakouch et al.,
2025) follow the reference’s contribution across checkpoints.

Removing the reference does not fully remove the teacher–student asymmetry. The original OPSD
configuration and several subsequent methods pair a thinking-enabled teacher with a direct-response
student (Zhao et al., 2026a; Lin et al., 2026; Kara & Ersoy, 2026; Li et al., 2026b). As a result,
the thinking-enabled teacher still scores prefixes produced with thinking disabled even without any
PI (Ichihara et al., 2026; Shrestha & Tessier, 2026). Learning from these scores changes parameters
shared by both student inference modes, offering a route to stronger thinking-enabled reasoning
without additional solution information. Much of Qwen’s improvement is already present without
a reference, with modest evidence of an additional benefit from CLEAN SOLUTION. In SmolLM3,
FULL TRACE adds two points beyond reference-free training at step 50. The same references
nevertheless accompany gains under direct-response training rollouts and losses under long thinking-
enabled rollouts in both families. What the reference contributes therefore depends on the student
responses it helps the teacher supervise.

To understand this dependence, we examine what the teacher’s scores encourage on student responses.
Prior work points to preferences for the supplied solution (Harne et al., 2026), likelihood shifts on
student tokens (Nguyen et al., 2026), and suppressed reconsideration (Kaur et al., 2026) as possible
sources of poor transfer. Our Qwen profiles show that correctness alignment changes with the
responses being scored, while sampled correction markers receive negative pressure in both prefix
modes. Relaxing loss at these markers barely changes their use, and an apparent benefit from broader
supervision mostly disappears when checkpoints are matched. Teacher profiles identify explanations
to test, while matched training outcomes determine which changes help.

Our contributions can be summarized as follows. First, we construct AMPLE-MATH, a reusable
supervision suite for isolating reasoning representation through six answer-matched views per
problem, with audits and frozen splits. Second, controlled comparisons in two model families
separate the benefits of cross-mode distillation from a reference’s added value and show that changing
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student training trajectories can reverse transfer. Third, teacher profiles and matched interventions
distinguish changes to supervision from changes in student behavior, and show that stopping time
explains most of an apparent gain from broader loss coverage.

2 A CONTROLLED STUDY OF PRIVILEGED SUPERVISION

Our study separates the contribution of a privileged reference from the gains of distillation, using
thinking-enabled student performance as the primary outcome.

2.1 OPSD ON STUDENT-GENERATED PREFIXES

For a problem x, view v supplies PI zv(x) to a frozen teacher πθ̄. The student πθ starts
from the same backbone and generates y = (y1, . . . , yL) from the problem alone under roll-
out configuration mS . For a vocabulary token a at prefix st = (x, y<t), the student’s next-
token distribution is pSt (a) = πθ(a | x, y<t;mS). The teacher scores the same prefix using
pTv,t(a) = πθ̄(a | x, zv(x), y<t;mT , τ). Here mT specifies the teacher’s reasoning configuration
and τ its scoring temperature. The reference-free control omits the PI section but retains the thinking-
enabled teacher scoring direct-response student prefixes. It is therefore cross-mode self-distillation,
not a comparison of identical teacher and student distributions. For the supervised positions I(y), the
OPSD loss is

Lv(θ;mS) = Ex, y∼πθ(·|x;mS)

 1

|I(y)|
∑

t∈I(y)

DgKL

(
pTv,t ∥ pSt

) , (1)

where DgKL clips each vocabulary term in the teacher-to-student forward KL from above at 0.05
before summation (Zhao et al., 2026a). The teacher distribution and sampled completion are held
fixed when differentiating the loss. With the same prompt, thinking mode, initial parameters, and
scoring temperature, a reference-free teacher would match the student and give zero initial loss. PI
then supplies the initial discrepancy, while later updates also separate the student’s parameters from
the frozen teacher.

2.2 WHAT A PRIVILEGE PROFILE MEASURES

Before training, we profile Qwen3-1.7B’s token-level supervision on 512 problems, using four
unprivileged completions per problem under each rollout configuration. For each completion y, let
J(y) index the longest prefix fitting every teacher context, capped at 1,024 completion tokens for
direct-response profiles. Scoring the same tokens under every view gives the mean log-probability
shift

∆v(y) =
1

|J(y)|
∑

t∈J(y)

[
log pTv,t(yt)− log pSt (yt)

]
. (2)

Let Y+
x and Y−

x contain the correct and incorrect profiled samples for problem x, and let Xmix contain
problems with both outcomes. Correctness alignment Cv contrasts responses for each x ∈ Xmix,
then averages these problems equally:

Cv(x) =

∑
y∈Y+

x
∆v(y)

|Y+
x |

−
∑

y∈Y−
x
∆v(y)

|Y−
x |

, Cv =
1

|Xmix|
∑

x∈Xmix

Cv(x). (3)

Positive alignment means larger teacher–student shifts for correct than incorrect responses, on average
within problems. Correction pressure Fv averages the shift at sampled reconsideration markers
such as wait, but, and check, with negative values indicating lower marker probability. Temporal KL
allocation is the share of full-vocabulary DKL(p

T
v,t ∥ pSt ) in each quarter of the retained span. We

use unclipped KL and normalize quarters within this span, not the training loss support.

Holding student responses fixed lets us compare how different references shape supervision on the
same prefixes. Correctness alignment captures whether correct responses receive more favorable shifts
than incorrect ones, while marker pressure and KL allocation guide our tests of marker weighting and
loss coverage. We then measure transfer after training and repeat the profiles on trained students’
responses to examine which supervision patterns persist as the student learns. Appendix D.4 derives
the local reweighting interpretation of correctness alignment.
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2.3 AMPLE-MATH: ANSWER-MATCHED PRIVILEGED VIEWS

We construct AMPLE-MATH by pairing 5,319 mathematical problems from OpenThoughts-114k
(Guha et al., 2026) with six answer-matched views. ANSWER ONLY supplies no reasoning body, GIST
the central method, and KEY POINTS ordered steps. CLEAN SOLUTION supplies a polished solution,
SUMMARY a narrative summary, and FULL TRACE the complete source trace. Every view ends with
the same canonical answer section. Mean rendered lengths range from 13 to 4,916 Qwen3 tokens,
describing reasoning density rather than assumed quality. GIST, KEY POINTS, and SUMMARY are
generated from the intact source trace by Qwen3.6-35B-A3B-FP8 (Qwen Team, 2026) and checked
for source fidelity by the same model under a separate review prompt. ANSWER ONLY is deterministic,
while CLEAN SOLUTION and FULL TRACE are source-derived.

We annotate problem difficulty using 8–16 problem-only samples per question from each of three
evaluator models and a binomial Rasch model (Rasch, 1960). Separately, four unprivileged direct-
response samples per problem from the frozen Qwen3-1.7B base define three model-relative success
bands for the experimental splits: three or four correct, one or two correct, and none correct. The
zero-success band requires a correct generation from a structured-PI teacher view. Equal band quotas
give train, development, and test sets of 1,536, 192, and 384 problems. SmolLM3 uses the same
development and test problems but a training split rebuilt from its own direct-response outcomes.
Appendix B details construction, filtering, fidelity audits, difficulty estimation, and splits.

2.4 TRAINING AND EVALUATION

Models and rollouts. The main experiments train Qwen3-1.7B with LoRA adapters (Hu et al.,
2022) (r = 64, α = 128) for 100 optimizer steps, with SmolLM3-3B providing the cross-family
test (Yang et al., 2025; Bakouch et al., 2025). The teacher is always the frozen, thinking-enabled
backbone. Our primary configuration uses direct-response training followed by thinking-enabled
evaluation, an asymmetry also examined in other OPSD studies (Zhao et al., 2026a; Ichihara et al.,
2026; Shrestha & Tessier, 2026). The student generates at most 1,024 tokens with thinking disabled,
while the thinking-enabled training comparison extends rollout generation.

Evaluation and statistics. Primary evaluation uses four unprivileged thinking-enabled samples per
problem. Secondary comparisons evaluate the same checkpoints with thinking disabled. Avg@4
averages the fraction of correct samples across problems. In-domain evaluation uses a 16,384-token
budget and regenerates capped responses with the same sampling seed and up to 32,512 tokens. The
length analyses grade the first 4,096, 8,192, and 16,384 saved token IDs from the initial pass, rather
than generating new responses at those limits. External evaluation uses 12 thinking-enabled samples
per problem (Zhao et al., 2026a) on AIME 2024 and 2025 (MAA, 2024; 2025) and HMMT February
2025 (HMMT, 2025).

The principal reference comparisons use steps 50 and 100 in both families. Paired 95% intervals use
10,000 problem-cluster bootstrap resamples. For the initial six-view control tests, we compare seed-0
students with three-seed controls and apply Holm correction across the six contrasts. Follow-up seed
averages are labeled in the figures and tables. Their intervals resample problems after averaging the
observed seeds, with seed-level t intervals reported as a separate check. Full profiling, training, and
evaluation details appear in Appendix A.

3 WHAT PRIVILEGED REFERENCES ADD

Improvement over the base model can come from distillation itself, so we compare students trained
with and without a teacher reference to identify what privileged information adds.

3.1 DISTILLATION GAINS AND REFERENCE CONTRIBUTIONS

In Qwen, much of the improvement attributed to privileged supervision is already present without a
reference (Figure 2a, Table 1). The reference-free student improves both in domain and on external
benchmarks, and even the wrong-answer control improves over the base. More reasoning brings no
consistent increase in gains. At step 100, ANSWER ONLY and FULL TRACE sit about 0.6 points
above the reference-free student, with both intervals including zero.
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(out of four attempts)Step 50 Step 100

Reference-free Answer Only Clean Solution Full Trace

Figure 2: Distillation gains and reference contributions are different quantities. Direct-response
training and thinking-enabled evaluation throughout. (a) Gains over the base across checkpoints. (b)
Paired gains beyond reference-free training. (c) Qwen step-100 gains grouped by base direct-response
successes. Top annotations give thinking-enabled base accuracy. Error bars show unadjusted 95%
problem-cluster bootstrap confidence intervals (384 problems, 128 per subgroup). Three seeds per
configuration, except four for Qwen ANSWER ONLY/FULL TRACE.

Table 1: Six-view transfer in domain and on external benchmarks. Qwen3-1.7B gains over each
protocol’s frozen base after direct-response training, averaged over the listed training seeds (in/ex
denotes in-domain/external). Wrong answer uses ANSWER ONLY with another problem’s answer.
All evaluation is thinking-enabled, with 30 problems per external benchmark. Subscripts give 95%
problem-cluster bootstrap intervals. Green/red shading shows positive/negative gains on a shared
±10-point scale.

In domain External, ∆ Avg@12 at step 50

Reference
PI

tokens
Seeds

(in/ex)
Step 100

∆ Avg@4 Pooled
AIME

2024
AIME

2025
HMMT

2025

Reference-free 0 3/3 +1.80[0.20,3.47] +4.07[1.73,6.54] +8.24[3.61,13.15] +1.67[−1.85,5.37] +2.31[−1.39,6.11]

Wrong answer 13 3/3 +1.67[0.07,3.32] +4.14[1.33,7.07] +6.30[0.28,12.59] +2.87[−1.11,6.94] +3.24[−1.02,7.50]

ANSWER ONLY 13 4/4 +2.41[0.86,3.99] +3.73[1.27,6.41] +8.06[3.61,13.06] +1.53[−1.18,4.44] +1.60[−3.06,7.01]

GIST 76 1/1 +2.15[0.26,4.04] +4.35[1.30,7.59] +6.67[0.56,13.06] +3.89[−0.56,8.33] +2.50[−3.06,8.06]

KEY POINTS 284 1/1 +2.80[0.72,4.88] +3.61[0.37,7.04] +3.89[−2.78,10.56] +5.00[0.28,9.72] +1.94[−3.33,7.78]

CLEAN SOLUTION 526 3/1 +3.10[1.54,4.73] +4.91[2.04,7.96] +7.78[2.22,13.89] +4.44[0.83,8.89] +2.50[−2.50,8.06]

SUMMARY 841 1/1 +2.54[0.71,4.43] +3.61[0.83,6.48] +6.94[1.39,12.78] +1.67[−2.50,6.11] +2.22[−1.94,6.67]

FULL TRACE 4,916 4/4 +2.38[0.91,3.86] +2.29[−0.16,4.88] +5.97[1.39,10.97] +0.49[−3.47,4.65] +0.42[−3.12,4.24]

CLEAN SOLUTION gives modest evidence that a reference can add value in Qwen. Across three
seeds per configuration, its step-100 advantage over reference-free training is 1.30 [0.20, 2.41] points.
The interval excludes zero before adjustment, but the effect does not survive Holm correction across
six views. Thus the evidence favors a small, view-specific contribution rather than a general benefit
from supplying more of the solution.

Gains are largest on problems the base never solved in four direct-response attempts, but solves
62% of the time with thinking enabled (Figure 2c). This pattern holds with and without PI, and
CLEAN SOLUTION’s additional benefit is also largest in this group. In the separate original-data
validation, external gains concentrate on problems solved in some but not all of the base’s twelve
thinking-enabled attempts. Both patterns fit the shared-parameter interpretation. Learning from
thinking-enabled teacher scores on direct-response prefixes may also improve the student’s thinking-
enabled reasoning.

The reference makes a clearer contribution in SmolLM3, where FULL TRACE adds 2.0 points
over reference-free training at step 50 with thinking enabled (Figure 2b). By step 100 all three
configurations have fallen below the base, but FULL TRACE loses less than the reference-free
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and ANSWER ONLY students. The same reference helps the earlier student and softens the later
deterioration, two different contributions that a gain over the base alone would not distinguish.

The same students rank references differently when answering directly. At step 100, Qwen’s ANSWER
ONLY and reference-free students exceed FULL TRACE by 5.32 and 10.81 points under direct-
response evaluation. SmolLM3’s step-50 FULL TRACE advantage likewise changes from +2.00
points with thinking enabled to −10.63 when answering directly. Qwen’s direct-response winners
also write longer responses, and grading only their first 4K tokens reverses the ordering. The ranking
changes accompany differences in response length, linking reference choice to how the student
answers as well as how often it is correct.

3.2 STUDENT TRAINING TRAJECTORIES CHANGE TRANSFER

How the student answers also matters during training, when its responses determine the pre-
fixes the teacher supervises. To examine the thinking-model degradation reported by Kaur et al.
(2026), we replace direct-response rollouts with thinking-enabled rollouts under ANSWER ONLY,
CLEAN SOLUTION, and FULL TRACE supervision while keeping thinking-enabled evaluation fixed.
Thinking-enabled rollouts extend beyond the inherited first-1,024-token loss window, so the reasoning
mode, the horizon, and the fraction of the response supervised change together.
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(a) Both trainings at every common checkpoint
per view and common checkpoint; the gap is the span of a pair
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Direct-response above the base, thinking-enabled below.
all nine gaps negative, eight significant

(b) Both trainings from the base, run by run
at step 50, points; error bars show paired 95% intervals

Qwen3-1.7B in domain, by view −7.60
1 Answer Only −8.40
4 Clean Solution −7.10
6 Full Trace −7.29

SmolLM3-3B, Full Trace −6.84
Qwen3-1.7B Full Trace, external −9.44

AIME 2024 −13.06
AIME 2025 −12.78
HMMT 2025 −2.50

Direct above the base, thinking below, every run.
filled direct, open thinking; right column: the gap

Figure 3: Changing training trajectories reverses transfer. Thinking-enabled evaluation through-
out. (a) Avg@4 gains over the base across checkpoints. (b) Step-50 gains: Qwen3-1.7B in domain,
two-seed SmolLM3-3B under FULL TRACE, and Qwen under FULL TRACE externally. Filled/open
marks denote direct-response/thinking-enabled training. Bold rows pool groups. Right-hand contrasts
are thinking-enabled minus direct-response, with paired 95% problem-cluster bootstrap intervals.

The same teacher and reference now accompany opposite transfer outcomes. At step 50 the
thinking-enabled training configuration turns gains over the base into losses for all three views, with
a penalty that persists across checkpoints (Figure 3a). The step-50 FULL TRACE comparison also
holds in SmolLM3 and on Qwen’s external benchmarks (Figure 3b). The reference is unchanged, but
its supervision is now applied to a different kind of student attempt.

4 HOW STUDENT RESPONSES SHAPE SUPERVISION

To interpret the training-trajectory contrast, we profile probability gaps between privileged teachers
and unprivileged students. Teacher weights stay fixed, but predictions depend on the reference and
the student’s prefix.

Correctness alignment changes with the responses being scored. For FULL TRACE, correct
responses receive larger average teacher–student log-probability shifts than incorrect ones on direct-
response prefixes. The ordering reverses on thinking-enabled prefixes (Figure 4a). On direct-response-
trained students’ responses, alignment is much smaller for five views, while FULL TRACE retains
most of its initial value. These profiles use new responses and updated student distributions. Near-zero
alignment means similar average shifts for correct and incorrect responses, not token-level agreement.

Denser references induce stronger overall shifts, which raw Cv does not separate from correctness
selectivity. Restricting thinking-enabled profiles to their first 1,024 scored tokens also weakens
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differences across views. Alignment thus describes supervision on a particular response distribution
and span, not a fixed quality of the reference.

Correction-marker suppression is shared across prefix modes. Kaur et al. (2026) propose
suppressed reconsideration as an explanation for thinking-model degradation. In the frozen Qwen
base, every view lowers sampled reconsideration-marker probability on average in both prefix modes
(Figure 4b). This shared sign does not distinguish the configurations with opposing transfer outcomes,
motivating the targeted loss edits below.

thinking direct step 50

−0.01

0

+0.01
1
2
3
4
5
6

−1 −0.5 0 Q1 Q2 Q3 Q4

uniform

42.9

32.8
20.0

17.5

thinking-enabled prefixes direct-response prefixes step-50 students' direct-response prefixes

1 Answer Only
2 Gist
3 Key Points
4 Clean Solution
5 Summary
6 Full Trace

(a) Correctness alignment
Cv in nats per token, on three prefix distributions

Reversed by prefix, near zero by step 50.
95% error bars; only Full Trace keeps most of it

(b) Correction pressure
Fv, teacher minus student, nats

All teachers lower the odds.
student: −0.61 thinking, −1.18 direct

(c) Where KL falls
share of KL by quarter, %

Front-loaded, both modes.
uniform = 25% per quarter

Figure 4: Teacher profiles separate correctness alignment, marker pressure, and supervision
placement. (a) Correctness alignment Cv , (b) sampled reconsideration-marker pressure Fv , and (c)
full-vocabulary KL shares by quarter of the scored span, not the training loss window. Open/filled
marks show frozen-base thinking-enabled/direct-response prefixes; diamonds show direct-response-
trained students’ prefixes at step 50. Error bars show 95% problem-cluster bootstrap intervals.

Diagnostic KL is concentrated near the response opening. The first quarter of the retained span
carries disproportionate diagnostic KL in both prefix modes (Figure 4c). This locates teacher–student
disagreement, not its association with correctness. The inherited 1,024-token loss window (Zhao
et al., 2026a) covers full direct-response rollouts but only the opening of long thinking-enabled
rollouts. We therefore test broader loss coverage for the long rollouts.

5 WHICH SUPERVISION CHANGES MATTER FOR TRANSFER

The profiles suggest where supervision might be changed, but only training reveals whether those
changes help. We test this in Qwen3-1.7B by modifying reference content and the distillation loss
while keeping thinking-enabled evaluation fixed (Table 2).

Reference-free gains do not make reference content irrelevant. Replacing CLEAN SOLUTION or
KEY POINTS with a length-matched view from another problem, including that problem’s answer,
lowers thinking-enabled accuracy by about two points relative to the genuine view in two single-seed
comparisons. Matching the reference’s length does not preserve its effect when the text concerns a
different problem.

Shortening a reference instead tests how much of a relevant solution is useful. We cut FULL TRACE to
each problem’s KEY POINTS, CLEAN SOLUTION, or SUMMARY length, retaining the trace opening
but removing its later reasoning and canonical answer section. These openings bring no clear gain
with thinking enabled, although they improve direct-response accuracy over matched FULL TRACE
by roughly 8–11 points. Compression therefore changes how the student benefits from the reference
across inference modes.

Relaxing correction-marker loss barely changes marker use. Under direct-response training, we
exclude or downweight loss at sampled correction markers for FULL TRACE and CLEAN SOLUTION.
Neither edit produces an accuracy gain at step 100, and marker use remains almost unchanged.
Relaxing a penalty on sampled markers is distinct from encouraging the student to reconsider.

Checkpoint choice explains most of the apparent loss-window gain. Beyond individual marker
positions, we test whether long thinking-enabled rollouts benefit from supervision beyond their
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Table 2: Matched interventions on reference content and the training signal. Seventeen single-
seed comparisons, all evaluated with thinking enabled. Upper rows use direct-response training
at step 100, lower rows compare thinking-enabled FULL TRACE loss windows at matched steps.
Avg@4 is in percent, accuracy changes in percentage points, and subscripts give 95% problem-cluster
bootstrap intervals. ∆ tokens gives mean length change, and ∆ markers the relative change in mean
per-response markers per 1,000 tokens, both versus the matched configuration. Trace openings omit
the canonical answer section. Bold contrasts pass Holm’s multiple-comparison correction within the
two other-problem controls. Colors follow Table 1’s ±10-point scale.

Intervention Avg@4
∆ vs.

matched
∆ vs.
base

∆

tokens
∆

markers

Other-problem reference length-matched view, including the other problem’s answer
CLEAN SOLUTION other-problem view 81.84[78.71,84.83] −1.95[−3.78,−0.20] +1.63[−0.39,3.65] −794 +4.2%

KEY POINTS other-problem view 80.86[77.67,83.85] −2.15[−3.97,−0.39] +0.65[−1.24,2.48] −1,242 +7.6%

Trace opening FULL TRACE cut to the length of CLEAN SOLUTION, KEY POINTS, or SUMMARY

FULL TRACE → CLEAN SOLUTION 82.03[78.97,84.96] −0.59[−2.28,1.11] +1.82[0.13,3.58] +684 +4.3%

FULL TRACE → KEY POINTS 82.42[79.36,85.42] −0.20[−2.02,1.69] +2.21[0.46,4.10] +464 +6.1%

FULL TRACE → SUMMARY 81.51[78.45,84.51] −1.11[−2.86,0.65] +1.30[−0.33,2.93] +599 +2.2%

Prompt templates alternative templates for the teacher and student
FULL TRACE swap 80.99[77.80,84.05] −1.63[−3.39,0.13] +0.78[−1.17,2.80] +568 −1.5%

CLEAN SOLUTION swap 83.92[80.86,86.85] +0.13[−1.50,1.76] +3.71[2.02,5.47] +1,068 −1.2%

Correction markers loss excluded or downweighted at sampled marker positions
FULL TRACE exclude 81.97[78.91,84.83] −0.65[−2.41,1.17] +1.76[−0.07,3.58] −164 +0.4%

FULL TRACE downweight 81.84[78.71,84.83] −0.78[−2.34,0.78] +1.63[−0.07,3.32] −64 −0.3%

CLEAN SOLUTION exclude 83.07[79.95,86.00] −0.72[−2.21,0.78] +2.86[1.04,4.69] +231 +0.3%

CLEAN SOLUTION downweight 83.07[80.08,86.00] −0.72[−2.34,0.91] +2.86[1.04,4.69] +132 +1.1%

Loss support thinking-enabled FULL TRACE, each alternative minus EARLY-1K
Step 25 Step 50 Step 100

First-4K +0.98[−0.91,2.86] −0.85[−2.93,1.17] −1.56[−3.91,0.72]

Distributed-1K +0.98[−0.91,2.86] +0.52[−1.76,2.80] −1.30[−3.45,0.91]

Early-1K
step 50

checkpoint
50 → 25

support
(open)

First-4K
step 25

75.13

+3.13
+0.98 79.23

+4.10 under separate selection

25 50 100
−4
−2

0
+2

−1.56

−1.30
+0.98

(a) Where the loss looks
share of each completion the first-1K loss sees

covered mean length

Full Trace, direct-response 100% 0.9K
Full Trace, thinking 18.6% 9.4K

Clean Solution, thinking 14.8% 11.2K
Answer Only, thinking 11.4% 13.2K

Loss windows (schematic) reasoning →
Early-1K
First-4K

Distributed-1K
The loss sees only the opening of reasoning.
it reaches the end of thinking in at most 1.4% of rollouts

(b) Gain, decomposed
Full Trace, thinking-enabled, Avg@4 %

76% of the gain is the checkpoint.
Distributed-1K: also 79.23 at step 25

(c) Same-step tests
Δ vs Early-1K, points

training step

First-4K Distributed-1K

No contrast is significant.
best tested step: 25 for all three

Figure 5: Most of the apparent loss-window gain comes from checkpoint choice. (a) Mean
completion coverage of the inherited loss window and schematic alternatives. (b) Checkpoint and
loss-window contributions to the development-selected gain. (c) Same-step contrasts with EARLY-1K,
with 95% problem-cluster bootstrap intervals. The loss-window experiments use one training seed.

opening. For thinking-enabled FULL TRACE training, FIRST-4K extends the inherited EARLY-
1K window to 4,096 tokens, while DISTRIBUTED-1K places four 256-token windows across the
reasoning (Figure 5a).

Both alternatives exceed development-selected EARLY-1K by about four points, but stop at step 25
rather than its step 50. At common step 25 the apparent advantage falls below one point. The intervals
for both alternatives’ gains include zero at every matched checkpoint (Figure 5b–c), leaving stopping
time as the main source of the apparent improvement (Dodge et al., 2020; Bouthillier et al., 2021).

8



Preprint

6 RELATED WORK

Learning from privileged context. On-policy distillation trains on the student’s own responses,
bringing teacher feedback to the states it actually visits (Agarwal et al., 2024). Conditioning the
teacher on demonstrations (Shenfeld et al., 2026) or solutions (Zhao et al., 2026a) extends this idea
to self-distillation, connecting it to learning using privileged information (Vapnik & Vashist, 2009;
Lopez-Paz et al., 2016). This makes additional context a source of supervision without requiring a
separate, stronger model. Its usefulness nevertheless depends on teacher–student compatibility and
the training objective, now central questions in studies of on-policy distillation (Li et al., 2026a; Zhu
et al., 2026).

What the reference contributes. Concurrent work is examining what privileged references contribute
beyond distillation itself. Comparisons of reference types and reasoning modes find gains without
target-specific solutions (Shrestha & Tessier, 2026; Ichihara et al., 2026), while structured guidance
can outperform full traces (Zhao et al., 2026b). We construct AMPLE-MATH to hold answer
availability fixed across six reasoning views. Using this reusable suite, we follow each reference’s
benefit beyond reference-free training across model families and checkpoints. Holding the references
fixed, we also show that changing student training trajectories can reverse transfer in both families.

From teacher signals to student learning. Closer teacher imitation does not always improve
generalization (Stanton et al., 2021), making it important to understand what the teacher’s scores
encourage. Work on OPSD identifies possible obstacles in preferences for the supplied solution (Harne
et al., 2026), likelihood shifts without useful token credit (Nguyen et al., 2026), and suppressed
reconsideration (Kaur et al., 2026). Complementary methods revise token targets, hidden-state
supervision, or the teacher itself (Shen et al., 2026; Li et al., 2026c; Feng et al., 2026; Sun et al.,
2026). We test whether changing these signals changes student behavior, pairing profiles on fixed and
trained-student responses with marker-loss and loss-window interventions. Matching checkpoints
also separates the effect of loss design from the benefit of stopping earlier.

7 DISCUSSION AND CONCLUSION

Successful distillation and a useful reference are different outcomes. Our answer-matched com-
parisons show that much of the improvement can occur without a reference, while a reference’s
additional benefit depends on the model and training stage. More complete solutions do not consis-
tently yield greater gains. Replacing genuine references with unrelated ones can reduce accuracy,
so reference-free gains do not make reference content irrelevant. Separating these effects makes
reference selection a question of what helps the student beyond distillation itself.

The student’s own responses are central to that choice because they determine the prefixes the
teacher supervises. With the teacher and references unchanged, switching from short direct-response
rollouts to long thinking-enabled rollouts under the same loss window turns gains into losses in both
families. An asymmetry remains in the direct-response training configuration even without privileged
information, since a thinking-enabled teacher supervises direct-response attempts. Learning from
these scores may make existing reasoning capabilities more accessible through parameters shared by
both inference modes. The concentration of gains on problems the base already sometimes solves is
consistent with this interpretation.

Teacher profiles show how feedback varies across student responses and identify candidate changes
to supervision. Relaxing loss at sampled correction markers barely changes their use, while matching
checkpoints attributes most of the apparent benefit of broader loss coverage to stopping earlier.
Changing the training signal does not necessarily produce the intended change in the student. Our
evidence comes from short-run LoRA training on mathematics in two model families. These findings
make reference design and student training a joint problem. They motivate testing whether reference
content that adapts to the student’s evolving attempts improves on a fixed representation throughout
training. AMPLE-MATH provides a reusable setting for studying that interaction while holding
answer information fixed. Combined with teacher profiles and matched interventions, it enables
future OPSD research to test both what a reference adds and the explanations proposed for its effects.
The central lesson is to judge privileged information by what it adds to the student, not by how
complete a solution it gives the teacher.
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A COMMON EXPERIMENTAL DETAILS

A.1 IMPLEMENTATION AND OPTIMIZATION

Qwen3-1.7B uses a frozen backbone and LoRA adapters (r = 64, α = 128, dropout 0) on the query,
key, value, output, gate, up, and down projections. Training uses effective batch size 32, learning
rate 5× 10−6, AdamW (Loshchilov & Hutter, 2019) with β2 = 0.999, rollout and loss temperatures
1.1, and 100 optimizer steps. Checkpoints are saved at steps 0, 1, 2, 5, 10, 15, 20, 25, 50, 75, 100.
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Direct-response rollouts are capped at 1,024 tokens, all supervised, while thinking-enabled Qwen
rollouts extend to 20,764 tokens with the same first-1,024-token loss support unless an intervention
changes I(y). We follow the released code’s generalized divergence at β = 0 with a per-term clip of
0.05, rather than the β = 0.5 described in the paper (Zhao et al., 2026a).

SmolLM3-3B uses the same recipe with native thinking/no-thinking templates, a 24,536-token
thinking-enabled rollout cap, and a 40,960-token training context. Its loss still covers the first 1,024
completion tokens. In both models the teacher is the frozen, thinking-enabled backbone with the
student adapter disabled. Student rollouts and evaluation receive no PI. We evaluate the same trained
checkpoints with thinking enabled and under direct-response generation.

A.2 EVALUATION AND EFFECTIVE CORRECTNESS

In-domain evaluation draws four samples per problem on the frozen 384-problem test split at
temperature 1.0, top-p = 0.95, and top-k = 20. Both families use a 32,768-token evaluation
context and an initial 16,384-token generation budget. Every capped response is regenerated from
the beginning with the same sampling seed, whether or not it already contains an answer. For a
P -token prompt, the new-token limit is min(32,512, 32,768 − P − 256), reserving a 256-token
margin. Effective correctness grades the extended-budget output when available, otherwise the initial
response. External evaluation follows the released OPSD prompt and sampling protocol: 12 samples
per problem, temperature 1.0, top-p = 0.95, and 38,912 generated tokens within a 40,960-token
context. The external rescue trigger is inactive at this budget, so main-pass and rescue-aware scores
coincide.

For saved-prefix comparisons, we decode the first 4,096, 8,192, or 16,384 token IDs from each
initial response and apply the same answer grader. Shorter responses are graded in full. Only the
full-evaluation endpoint uses the extended-budget output when available. These are grades of stored
prefixes, not new generations asked to finish within a smaller budget.

Training-configuration comparisons primarily use common steps 25, 50, and 100, with development-
selected checkpoints as secondary summaries. Development-selected checkpoints maximize Avg@2
on the 192-problem development split over steps 25, 50, 75, and 100, without test access. The
selected steps for the seed-0 six-view comparison are 75, 50, 75, 75, 100, and 25 for ANSWER ONLY,
GIST, KEY POINTS, CLEAN SOLUTION, SUMMARY, and FULL TRACE, respectively.

A.3 PROFILE STATISTICS

Writing the token shift as δv,t(a) = log pTv,t(a)− log pSt (a), correction pressure Fv averages δv,t(yt)
over sampled marker positions within each problem, then weights contributing problems equally.
Temporal KL allocation reports the share of full-vocabulary DKL(p

T
v,t ∥ pSt ) in each quarter of the

retained span. These statistics and correctness alignment are bootstrapped over problems.

For the correction-pressure diagnostic, token pieces are lowercased after replacing tokenizer space
markers with spaces, then matched by substring against wait, but, however, maybe, actually, recheck,
check, verify, reconsider, mistake, and instead. This lexical rule identifies sampled marker tokens
rather than all semantically corrective continuations.

A.4 STATISTICAL ESTIMATORS

The problem is the inferential unit. Avg@n first averages the n sampled correctness indicators within
problem and then averages across problems. Paired effects are differences of per-problem averages.
We construct 95% percentile intervals from 10,000 problem-cluster bootstrap resamples, reusing
one resampled problem-index array across compared conditions. For balanced in-domain tests,
resampling is stratified by the construction strata. Pooled external intervals resample all 90 problems
together, without benchmark stratification. We distinguish paired intervals excluding zero from
effects surviving Holm correction (Holm, 1979) across a family of comparisons. Intervals including
zero do not establish equivalence. Reported p-values are two-sided bootstrap tail probabilities, twice
the smaller of the resampled fractions at or below and at or above zero, floored at 1/10,000.

Seed-aware aggregates first average the paired effects within problem across the observed seeds,
then bootstrap the resulting problem vector. These intervals describe problem-sampling uncertainty
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for the observed seeds. Training-seed variability is reported separately through per-seed effects and
seed-level t intervals. Paired seed-level checks use the four matched ANSWER ONLY-minus-FULL
TRACE differences, while the CLEAN SOLUTION-minus-reference-free check uses a Welch interval
over three seed means per configuration.

We apply Holm’s procedure to the six view-versus-base tests, the six in-domain view-versus-reference-
free comparisons, and the two external comparisons of ANSWER ONLY and FULL TRACE with the
reference-free control. For interventions, we correct within each control family (four marker-mask,
two other-problem, three trace-opening, and two prompt-template comparisons), across all eleven
controls, and across the six loss-support contrasts.

A.5 RELEASE MATERIALS AND COMPUTATION

The code and AMPLE-MATH dataset are linked on the first page through GitHub and Hugging
Face, respectively. Row-level evaluation outputs are available on request. We estimate total project
compute at approximately 1,000 H100 GPU-hours, including training, evaluation, teacher profiling,
dataset construction, and setup.

B AMPLE-MATH CONSTRUCTION AND AUDITING

B.1 SOURCE, FILTERING, AND THE FROZEN POPULATION

The source is the metadata configuration of OpenThoughts-114k (Guha et al., 2026): one problem,
one verified answer, and one natural reasoning trace per row. We required a gradable answer and a
source trace whose final answer agrees with it, collapsed within-corpus near duplicates, excluded
source traces above 16,384 tokens, and screened for exact and semantic overlap with MATH-500
(Lightman et al., 2024), AIME 2024, and JEEBench (Arora et al., 2023). We then selected 5,480
eligible questions for the frozen pool. Construction lengths use the fast Llama-3.1-8B-Instruct
tokenizer without special tokens. A question enters the complete resource only if all six views exist,
every generated view passes surface validation and source-fidelity review, and body lengths satisfy
ANSWER ONLY < GIST < KEY POINTS < SUMMARY < FULL TRACE. CLEAN SOLUTION is off
this length spine and is not constrained relative to the generated views. In total, 5,319 do, giving
5,319× 6 = 31,914 supervision records and leaving 161 excluded questions.

A word-shingle scan of the 90 external evaluation problems (AIME 2024, AIME 2025, and HMMT
February 2025) against the 5,319 complete resource problems found no exact or near duplicates.
The largest 8-gram containment of any benchmark problem was 0.25, from shared contest phrasing.
Because AMPLE-MATH and the released OPSD training data draw on the same upstream source,
202 of the 384 test problems (52.6%) also appear in that released data. Only the original-data
implementation check trains on those data, and it is evaluated on the external benchmarks rather
than the overlapping in-domain test set. Every representation and rollout comparison uses the local
resource with disjoint train, development, and test splits.

B.2 THE SIX ANSWER-MATCHED VIEWS

ANSWER ONLY has no reasoning body, while CLEAN SOLUTION and FULL TRACE use the source’s
polished solution and complete trace. Qwen3.6-35B-A3B-FP8 compresses the intact trace into a short
paragraph for GIST, ordered steps for KEY POINTS, and a narrative for SUMMARY, without a separate
verified-answer field (Qwen Team, 2026). Up to five reproducible, seeded attempts use temperatures
0.0, 0.3, 0.6, 0.9, and 1.2. Candidates undergo surface validation for completion, form, and prompt
leakage, then source-fidelity review for unsupported claims, backward-constructed reasoning, and
confidence upgrades. Every accepted view passes both stages. Fidelity review preserves the source’s
reasoning and uncertainty rather than certifying or repairing its proof. Generation and review use the
same model under different prompts, so the review may share the generator’s blind spots.

All views share the canonical answer but vary the reasoning’s representation, wording, and detail.
Records render as <think> body </think><answer> answer </answer>, with exactly one
boxed answer in the answer section. The aligned example shows how the six views express the same
solution.
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An aligned example.

Shared problem What is the value of 6× (5− 2) + 4?

Canonical answer 22

PI view Reasoning body (excerpts)

ANSWER ONLY Empty reasoning body.

GIST Apply order of operations: evaluate parentheses, then multiply, then add.

KEY POINTS Key steps:
– Apply order of operations, starting with parentheses [...]
– Complete the final addition: 18 plus 4 equals 22

CLEAN SOLUTION The value of 6× (5− 2) + 4 is calculated as follows:
1. Parentheses first: 5− 2 = 3. [...]
3. Add: 18 + 4 = 22.

Final Answer: 22

SUMMARY Summary: I begin by identifying the expression as a standard arithmetic problem requiring
strict adherence to the order of operations, [...] leading to the final value of twenty-two.

FULL TRACE Okay, let’s see. I need to figure out the value of 6 times (5 minus 2) plus 4. Hmm, order of
operations, right? I remember learning PEMDAS–Parentheses, Exponents, Multiplication
and Division, Addition and Subtraction. [...] Wait, let me double-check to make sure I
didn’t skip any steps. [...] Yep, 22 should be the correct answer.

Original wording is preserved, with Markdown and math typeset. Omissions are marked [...].

B.3 QWEN AND SMOLLM3 SPLIT CONSTRUCTION

We drew the train, development, and test sets from 3,399 candidates remaining after 1,920 prior
exclusions from the 5,319 complete problems, keeping the profiling set disjoint from all three splits.
For Qwen3-1.7B, four problem-only direct-response samples from the frozen base define high-success
(p ≥ 0.75), intermediate (p ∈ {0.25, 0.5}), and zero-success (p = 0) bands. A zero-success problem
is eligible for the third band only when at least one structured PI teacher generation is correct. The
final split contains 512/64/128 problems per band in train/dev/test, for totals 1,536/192/384.

SmolLM3 uses the same development and test IDs but a training split rebuilt from its own direct-
response outcomes. The same structured-PI recoverability rule permits 512 training problems per
band. On the shared test IDs, SmolLM3 has 129 high-success, 97 intermediate, and 158 zero-success
problems. Overall performance on all 384 is primary, with these unequal bands used for secondary
analysis.

B.4 DIFFICULTY AND VIEW LENGTHS

Dataset difficulty is distinct from the student-relative outcomes used for the experimental splits.
Three evaluator models (Qwen2.5-1.5B-Instruct, Llama-3.1-8B-Instruct, and Qwen3.6-35B-A3B-
FP8, Qwen et al., 2025; Grattafiori et al., 2024; Qwen Team, 2026) answered each of the 5,480
frozen questions from the statement alone, with 8 to 16 attempts each. A binomial Rasch model
(Rasch, 1960) jointly fits evaluator abilities and question difficulties to each evaluator’s correct and
actually graded counts, rather than the nominal number of attempts. A zero-centered L2 penalty of
0.5 keeps all-correct and all-incorrect items finite. Difficulty measures final-answer success under a
fixed decoding and grading protocol, not proof quality. Figure 6 shows the difficulty distribution and
its relation to source-trace length. Figure 7 compares reasoning-body lengths across views.
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Difficulty distribution
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middle 50% from −1.24 to +1.34 (shaded)
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full-trace length against difficulty, 5,319 questions

full-trace tokens, log scale
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Spearman ρ = 0.67 over the 5,319 questions.
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Figure 6: Difficulty and source-trace length in AMPLE-MATH. Left: multi-model Rasch difficulty
over the 5,480-question frozen pool. Right: full-trace token length versus difficulty for the 5,319
complete six-view problems. Hexagon shading counts problems, and the line and band show median
difficulty and its interquartile range within source-trace length deciles.

10 30 100 300 1k 3k 10k

Supervision-view lengths
tokens of the stored reasoning body, log axis, 5,319 questions per view

2 Gist

3 Key Points

4 Clean Solution

5 Summary

6 Full Trace

Two orders of magnitude apart, still overlapping at the edges.
bar: interquartile range; dot: median; Answer Only is absent because its body is empty

Figure 7: Reasoning-body lengths across the five nonempty views. Token-length distributions
of the stored reasoning bodies over the 5,319 complete questions, on a logarithmic axis, with the
interquartile range and median marked; ANSWER ONLY is absent because its body is empty by
construction. These lengths use the Llama-3.1-8B-Instruct construction tokenizer. Main-text lengths
measure the rendered privileged reference under the Qwen3 tokenizer.

C STUDENT-TRANSFER EVIDENCE

The evidence follows the main paper’s distinction between distillation gains and reference contribu-
tions, then checks where the gains occur and how they depend on training. Secondary direct-response
and saved-prefix analyses appear at the end. All evaluation is unprivileged and follows the common
protocol in Appendix A.

C.1 REFERENCE CONTRIBUTION IN-DOMAIN AND EXTERNALLY

The reference-free teacher is the frozen thinking-enabled backbone scoring the student’s prefix
without PI. The wrong-answer control uses ANSWER ONLY with the canonical answer replaced by
another problem’s answer in the same format. No training problem retains its own answer. Both
controls use three training seeds. At step 100, the three-seed CLEAN SOLUTION comparison gives
+1.30 [0.20, 2.41] points over the three-seed reference-free control. This small unadjusted advantage
does not survive Holm correction across the six-view family.
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Tables 3 and 4 give the Qwen controls and all six views’ contrasts against each control. In this
six-view comparison, view rows use seed 0 while each control averages its three seeds. Only CLEAN
SOLUTION’s unadjusted interval over the reference-free student lies above zero (raw p = 0.024,
Holm-adjusted 0.15).

Table 3: Teacher controls. ∆ Avg@4 versus the frozen base with paired 95% intervals at common
checkpoints. Three-seed rows average per-problem effects over seeds 0–2.

Control Step 25 Step 50 Step 100

Reference-free (seed 0) +1.63[0.00,3.26] +3.26[1.50,5.08] +1.76[−0.20,3.71]

Reference-free (3 seeds) – +2.89[1.39,4.45] +1.80[0.20,3.47]
ANSWER ONLY, wrong answer (seed 0) +1.30[−0.52,3.12] +2.28[0.59,3.97] +0.98[−1.04,2.99]

ANSWER ONLY, wrong answer (3 seeds) – +3.06[1.58,4.60] +1.67[0.07,3.32]

Table 4: Views against the controls. Each seed-0 view minus each three-seed control at step 100, in
Avg@4 points with unadjusted paired 95% intervals.

View minus reference-free minus wrong-answer ANSWER ONLY

ANSWER ONLY +0.35[−1.04,1.71] +0.48[−0.85,1.76]

GIST +0.35[−1.13,1.80] +0.48[−0.93,1.87]

KEY POINTS +1.00[−0.48,2.45] +1.13[−0.37,2.58]

CLEAN SOLUTION +1.78[0.24,3.30] +1.91[0.52,3.30]
SUMMARY +0.74[−0.69,2.17] +0.87[−0.52,2.24]

FULL TRACE +0.61[−0.87,2.11] +0.74[−0.67,2.15]

Table 5 gives the external counterpart to main Table 1, comparing each PI-trained student with the
reference-free student rather than the frozen base. No external view-minus-control interval lies
entirely above zero. The unadjusted FULL TRACE-minus-control interval lies below zero, but the
contrast does not survive Holm correction over the two extreme-view tests.

Table 5: External view-minus-control comparisons. Step-50 Avg@12 differences against the
reference-free student, with unadjusted paired 95% intervals over 90 problems. ANSWER ONLY and
FULL TRACE average four training seeds, the control three, and the other views use one. Absolute
effects and benchmark breakdowns are in Table 1.

View Difference vs. reference-free student

ANSWER ONLY −0.35[−1.64,1.00]

GIST +0.28[−1.94,2.47]

KEY POINTS −0.46[−2.96,1.98]

CLEAN SOLUTION +0.83[−1.05,2.78]

SUMMARY −0.46[−2.53,1.54]

FULL TRACE −1.78[−3.43,−0.21]

The SmolLM3 comparison keeps steps 50 and 100 together with per-seed gains and completion
diagnostics (Table 6). FULL TRACE improves on the reference-free students with thinking enabled at
both checkpoints, but by step 100 all three configurations fall below the frozen base. The table also
retains direct-response outcomes, where the late deterioration is especially pronounced. Even after
re-generation, the reference-free and ANSWER ONLY students’ direct-response no-answer rates rise
from 20.2% and 22.0% at step 50 to 42.0% and 39.4% at step 100. Table 6 separates final-output
accuracy from initial-pass completion diagnostics. For thinking-enabled FULL TRACE at step 50,
re-generation reduces the no-answer rate from 19.7% to 1.3%.
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Table 6: SmolLM3-3B reference comparisons across checkpoints and evaluation modes. All
trained configurations use direct-response training and three seeds. A: Final-output Avg@4 gains over
the frozen base, in percentage points with 95% problem-cluster bootstrap intervals. Parenthesized
triplets give gains for seeds 0, 1, and 2. B: Paired FULL TRACE-minus-reference-free contrasts with
the same interval convention. C: Initial-pass mean lengths, 16,384-token cap rates, and no-answer
rates, before re-generation. No answer means no extractable \boxed{...} answer. Extraction
uses the last boxed answer in the text. Diagnostics pool 4,608 responses per trained configuration.
Frozen-base Avg@4 is 82.16% with thinking enabled and 40.23% under direct-response evaluation.
A. Accuracy gains versus the frozen base
Student Thinking-enabled Direct-response

Step 50
Reference-free +0.59[−1.06,2.26]

(+0.20,+0.46,+1.11)
+13.24[9.96,16.49]

(+12.76,+11.65,+15.30)
ANSWER ONLY +0.87[−0.74,2.50]

(+0.46,+1.37,+0.78)
+11.91[8.57,15.34]

(+12.11,+12.50,+11.13)
FULL TRACE +2.58[1.06,4.14]

(+2.93,+2.41,+2.41)
+2.60[0.46,4.77]

(+1.56,+3.58,+2.67)

Step 100
Reference-free −5.25[−7.20,−3.32]

(−4.75,−6.25,−4.75)
−10.39[−13.15,−7.68]

(−11.72,−9.70,−9.77)
ANSWER ONLY −5.03[−6.94,−3.17]

(−5.14,−4.88,−5.08)
−10.09[−12.85,−7.38]

(−11.78,−12.76,−5.73)
FULL TRACE −2.19[−4.08,−0.37]

(−3.97,−1.24,−1.37)
+2.76[0.39,5.14]

(−0.72,+5.21,+3.78)

B. Full Trace minus reference-free
Step 50 +2.00[0.82,3.17] −10.63[−13.19,−8.07]

Step 100 +3.06[1.71,4.41] +13.15[10.94,15.39]

C. Initial-pass length and completion diagnostics
Thinking-enabled Direct-response

Student Step Tokens Cap No answer Tokens Cap No answer

Frozen base 0 7,492 12.9% 10.9% 833 0.3% 0.8%

Reference-free 50 9,078 19.1% 18.3% 5,760 2.9% 21.3%

ANSWER ONLY 50 9,485 20.5% 19.0% 5,959 3.0% 23.4%

FULL TRACE 50 9,746 22.6% 19.7% 1,809 0.6% 3.3%

Reference-free 100 8,700 15.1% 17.1% 11,153 42.8% 52.5%

ANSWER ONLY 100 8,866 16.2% 17.1% 10,875 43.2% 49.8%

FULL TRACE 100 9,841 23.4% 20.8% 6,629 25.5% 23.5%

C.2 WHERE THE GAINS OCCUR

Table 7 reports the step-100 multi-seed Qwen gains within the three frozen split-construction groups,
matching Figure 2c. The largest gains occur in the zero-correct direct-response group, where the
frozen base nevertheless answers 61.91% of samples correctly with thinking enabled. Within this
group, CLEAN SOLUTION exceeds reference-free training by 3.06 [0.46, 5.79] points, its largest
additional gain among the three groups. The intervals describe unadjusted within-group comparisons.

Validation on the original training data. The implementation check retains the original OPSD
training data and settings (Zhao et al., 2026a), with direct-response student rollouts capped at 1,024
tokens and a thinking-enabled teacher. Unlike the preceding AMPLE-MATH comparisons, this check
evaluates a student trained on the original data. Table 8 reports step-50 Avg@12 on the external
benchmarks. Pooled Majority@12 rises by 7.78 points while Pass@12 falls by 7.78 points.

Grouping the 90 external problems by the frozen base’s 12 thinking-enabled samples gives 27
never-solved, 49 intermittently solved, and 14 always-solved problems. Their Avg@12 changes are
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Table 7: Multi-seed gains by split-construction group. Qwen3-1.7B Avg@4 changes in percentage
points at step 100 after direct-response training, with thinking-enabled evaluation. Groups contain
128 test problems each and are defined by correct answers among four frozen-base direct-response
samples. Estimates average three training seeds for reference-free and CLEAN SOLUTION, and four
for ANSWER ONLY and FULL TRACE; subscripts give unadjusted 95% paired problem-bootstrap
intervals (10,000 resamples within each group). The final row gives frozen-base thinking-enabled
accuracy, not a gain.

Configuration
Zero correct

0/4
Intermediate

1–2/4
High success

3–4/4

Gain over frozen base
Reference-free +3.97[0.39,7.62] +0.98[−1.82,3.91] +0.46[−1.17,2.28]

ANSWER ONLY +4.69[1.32,8.25] +2.34[−0.24,4.98] +0.20[−1.76,2.25]

CLEAN SOLUTION +7.03[3.52,10.74] +1.89[−0.72,4.62] +0.39[−1.43,2.34]

FULL TRACE +5.66[2.59,8.84] +1.51[−1.12,4.25] −0.05[−1.76,1.81]

Paired gain over reference-free
ANSWER ONLY +0.72[−1.51,2.99] +1.37[−0.26,3.03] −0.26[−1.20,0.62]

CLEAN SOLUTION +3.06[0.46,5.79] +0.91[−0.85,2.60] −0.07[−0.98,0.78]

FULL TRACE +1.69[−0.62,4.00] +0.54[−1.46,2.54] −0.50[−1.33,0.31]

Frozen-base accuracy 61.91% 83.98% 94.73%

Table 8: Validation on the original OPSD training data. Thinking-enabled external evaluation at
step 50. Values are Avg@12 percentages, with 95% intervals for the changes from the frozen base.

AIME24 AIME25 HMMT25 Pooled

Frozen base 47.22 39.17 23.89 36.76
OPSD step 50 54.72 42.78 29.44 42.31
Difference +7.50 +3.61 +5.56 +5.56

95% CI [2.22, 12.78] [−2.50, 10.56] [−0.56, 12.50] [2.22, 9.17]

+0.62, +10.03, and −0.60 points, respectively. This descriptive breakdown locates the gain among
intermittently solved problems. These groups differ from the direct-response construction strata in
AMPLE-MATH.

C.3 TRAINING-SEED AND CHECKPOINT CHECKS

The Qwen extreme views ANSWER ONLY and FULL TRACE each use four seeds under the same
data, optimizer, and schedule. Table 9 reports their paired effects and between-seed ranges, using
step 100 in domain and step 50 externally.

Table 10 compares problem-bootstrap and seed-level uncertainty for the principal step-100 contrasts.
Both checks support a small unadjusted CLEAN SOLUTION advantage over reference-free training
and an evaluation-mode interaction for ANSWER ONLY versus FULL TRACE. The seed-level check
conditions on the test set, while the problem bootstrap conditions on the observed seeds.

At step 100, the three-seed CLEAN SOLUTION contrasts against the four-seed ANSWER ONLY and
FULL TRACE averages are 0.69 [−0.22, 1.65] and 0.73 [−0.17, 1.65] points, respectively. At step 50,
the two available CLEAN SOLUTION seeds (0 and 2) give a 1.05 [0.07, 2.06]-point advantage over the
three-seed reference-free control. Under development selection, the ANSWER ONLY-minus-FULL
TRACE contrast over seeds 0–2 is −0.24 [−1.28, 0.76].

C.4 TRAINING-TRAJECTORY COMPARISONS AND COMPLETION CHECKS

Table 11 gives Qwen accuracy levels and paired training-configuration gaps at common checkpoints.
All nine gaps are negative, and only CLEAN SOLUTION at step 25 has an interval that includes zero.
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Table 9: Training-seed robustness of the extreme-view contrast. Changes versus the frozen base,
with paired 95% problem-bootstrap intervals. In-domain evaluation uses step-100 Avg@4 on 384
problems. External evaluation uses step-50 Avg@12 on 90 problems. Seed-aware estimates average
per-problem effects over four seeds before resampling.

In domain External

ANSWER ONLY FULL TRACE ANSWER ONLY FULL TRACE

Seed 0 +2.15[0.26,4.04] +2.41[0.65,4.17] +3.70[0.93,6.67] +2.87[0.00,5.93]
Seed 1 +1.89[0.07,3.78] +3.06[1.30,4.88] +3.70[0.74,6.76] +1.39[−1.39,4.26]

Seed 2 +3.06[1.24,4.95] +2.80[0.98,4.62] +3.33[0.37,6.57] +1.57[−1.57,4.72]

Seed 3 +2.54[0.72,4.30] +1.24[−0.65,3.06] +4.17[1.30,7.22] +3.33[0.56,6.11]

Seed-aware mean +2.41[0.86,3.99] +2.38[0.91,3.86] +3.73[1.27,6.41] +2.29[−0.16,4.88]

Between-seed range 1.17 1.82 0.83 1.94

ANSWER ONLY minus FULL TRACE +0.03[−0.91,0.98] +1.44[−0.23,3.17]

Table 10: Problem-level and training-seed uncertainty give consistent readings. Qwen3-1.7B
at step 100, with Avg@4 contrasts in percentage points. Problem intervals average observed seeds
before bootstrapping problems. Seed-level intervals use four paired differences (t, 3 degrees of
freedom), except CLEAN SOLUTION versus reference-free, which uses three seeds each (Welch,
approximately 2.3 degrees of freedom). All intervals are 95% and unadjusted.

Contrast Evaluation Problem bootstrap Seed-level t

CLEAN SOLUTION − reference-free Thinking-enabled +1.30[0.20,2.41] +1.30[0.27,2.33]
ANSWER ONLY − FULL TRACE Thinking-enabled +0.03[−0.91,0.98] +0.03[−1.61,1.68]

ANSWER ONLY − FULL TRACE Direct-response +5.32[3.47,7.16] +5.32[1.9,8.7]
ANSWER ONLY − FULL TRACE Mode interaction +5.29[3.26,7.32] +5.29[2.62,7.96]

Table 11: Fixed-checkpoint training-trajectory comparison. Qwen Avg@4 under unprivileged,
thinking-enabled evaluation. DR and TH denote direct-response and thinking-enabled training
rollouts. Gaps are TH minus DR, in points with paired 95% problem-bootstrap intervals. The frozen
base scores 80.21%.

View Step DR TH Gap [95% CI]

ANSWER ONLY 25 82.55 79.17 −3.39[−5.40,−1.43]

50 83.59 75.20 −8.40[−11.00,−5.92]

100 82.36 77.28 −5.08[−7.23,−2.99]

CLEAN SOLUTION 25 82.03 81.05 −0.98[−2.80,0.85]

50 84.64 77.54 −7.10[−9.38,−4.95]

100 83.79 77.28 −6.51[−8.79,−4.23]

FULL TRACE 25 82.55 78.26 −4.30[−6.25,−2.41]

50 82.42 75.13 −7.29[−9.44,−5.14]

100 82.62 72.79 −9.83[−11.98,−7.68]

Pooled 25 – – −2.89[−4.08,−1.71]

50 83.55 75.95 −7.60[−9.31,−5.95]

100 82.92 75.78 −7.14[−8.66,−5.64]

The FULL TRACE comparison is repeated on SmolLM3 with two matched training seeds (Table 12).
At step 50, mean direct-response-trained and thinking-enabled-trained accuracies are 84.83% and
77.99%, against a base of 82.16%. FULL TRACE’s final-output cap rate is at most 3.9% in both
seeds.
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Table 12: SmolLM3 Full Trace replication. Thinking-enabled-trained minus direct-response-trained
Avg@4 for two matched training seeds, in points with paired 95% intervals.

Step 25 Step 50 Step 100

Seed 0 −3.78[−5.92,−1.56] −6.84[−8.98,−4.69] −6.64[−8.98,−4.23]

Seed 1 −3.12[−5.01,−1.24] −6.84[−8.85,−4.82] −9.83[−12.11,−7.55]

Seed-aware mean −3.45[−4.98,−1.89] −6.84[−8.50,−5.18] −8.24[−10.16,−6.28]

Raw seed spread 0.65 0.00 3.19

The Qwen completion checks likewise distinguish ANSWER ONLY from the denser views. At
development-selected checkpoints, thinking-enabled ANSWER ONLY training produces longer final
outputs and more capping than direct-response training, yet its accuracy penalty is smaller than FULL
TRACE’s. The CLEAN SOLUTION and FULL TRACE thinking-enabled students instead produce
shorter responses while also losing accuracy. The training-configuration gap thus persists after the
extended-budget pass and for FULL TRACE, where capping is modest.

Table 13 reports the step-50 FULL TRACE training-configuration contrast by external benchmark.
The penalty’s interval lies below zero on AIME 2024 and AIME 2025, but includes zero on HMMT
2025. Against the base, the pooled effects are −6.57 [−9.81,−3.43] points for thinking-enabled
training and +2.87 [0.00, 5.93] for direct-response training, whose interval touches zero.

Table 13: External Full Trace pair. Qwen Full Trace at the common step 50, with Avg@12
percentages and ∆ denoting thinking-enabled-trained minus direct-response-trained.

AIME24 AIME25 HMMT25 Pooled

Frozen base 47.22 39.17 23.89 36.76
Direct-response trained 53.89 40.56 24.44 39.63
Thinking-enabled trained 40.83 27.78 21.94 30.19
∆ −13.06 −12.78 −2.50 −9.44

95% CI [−20.56, −5.83] [−19.72, −6.39] [−6.39, 1.11] [−13.24, −5.83]

The thinking-enabled-trained student reaches the 38,912-token cap in 79 of 1,080 external samples,
versus two for the direct-response-trained student. Capped samples are scored as generated. Excluding
them leaves a gap of −8.16 [−12.16,−4.25] points. Scoring every capped sample as correct, although
none was, gives −2.13 [−6.85,+2.69], whose interval includes zero.

C.5 EVALUATION-MODE AND SAVED-PREFIX SENSITIVITY

Figure 8 evaluates the same checkpoints with thinking enabled and disabled, alongside the step-50
saved-prefix comparison. Table 14 gives the four-seed Qwen ANSWER ONLY-minus-FULL TRACE
contrast in each mode and its paired interaction at steps 50 and 100. For SmolLM3 at step 50,
the corresponding interaction is 11.02 [8.14, 13.95] points (Table 6), defined as the direct-response
contrast minus the thinking-enabled contrast.

Table 15 gives the corresponding step-100 comparison when stored Qwen direct responses are graded
at progressively longer prefixes. Both ANSWER ONLY and reference-free students fall below FULL
TRACE at 4K, then exceed it at 8K and beyond. The reference-free gain over the base has an interval
above zero only at 16K and full evaluation, while FULL TRACE’s interval includes zero at every
cutoff.

D ADDITIONAL PRIVILEGE-PROFILE EVIDENCE

D.1 COVERAGE AND SAME-PREFIX MATCHING

The thinking-enabled profile uses 512 problems and four fixed no-PI trajectories per problem. Across
18,467,995 distinct student token positions, six PI contexts plus the no-PI context produce 129,275,965
scored token–condition evaluations. Every condition shares the span fitting all teacher contexts,
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Figure 8: Student gains under both evaluation modes and saved-prefix grading. (a–b) Gains
over the frozen base at matched checkpoints, evaluated with thinking enabled (a) and directly (b). (c)
Step-50 direct-response prefixes from the initial generation pass. Full evaluation uses the final graded
outputs. Means and 95% problem-cluster intervals use 384 problems and three seeds, except four for
Qwen ANSWER ONLY/FULL TRACE. Step 0 is the shared frozen base.

Table 14: Evaluation-mode interaction by training seed. ANSWER ONLY minus FULL TRACE in
Avg@4 percentage points under each evaluation mode, with interaction defined as the direct-response
minus thinking-enabled contrast. Intervals are paired 95% problem-bootstrap intervals. Individual
seed rows are at step 100. Seed-aware rows average per-problem effects over four seeds before
resampling.

Direct-response Thinking-enabled Interaction

seed 0 +3.71[0.98,6.45] −0.26[−1.95,1.43] +3.97[0.65,7.23]
seed 1 +3.52[0.85,6.25] −1.17[−2.74,0.39] +4.69[1.56,7.75]
seed 2 +8.01[5.01,11.00] +0.26[−1.56,2.08] +7.75[4.23,11.13]
seed 3 +6.05[3.19,8.98] +1.30[−0.20,2.86] +4.75[1.56,8.01]

Step 100, seed-aware +5.32[3.47,7.16] +0.03[−0.91,0.98] +5.29[3.26,7.32]
Step 50, seed-aware +5.34[3.69,7.00] +0.11[−0.76,0.99] +5.22[3.42,7.05]

Table 15: Direct-response contrasts change when stored responses are graded at shorter lengths.
Qwen3-1.7B at step 100, averaging four ANSWER ONLY and FULL TRACE training seeds and three
reference-free seeds. Entries are Avg@4 differences in points with paired 95% intervals from 10,000
shared problem-cluster bootstrap resamples. The first three rows grade decoded prefixes of 4,096,
8,192, and 16,384 main-pass tokens, without the second pass. The final row uses the full evaluation
protocol.

Prefix
ANSWER ONLY
− FULL TRACE

Reference-free
− FULL TRACE

Reference-free
− base

FULL TRACE
− base

4K −3.01[−4.85,−1.22] −3.99[−6.26,−1.78] −5.95[−8.53,−3.39] −1.95[−4.33,0.36]

8K +3.29[1.46,5.06] +3.86[1.75,5.98] +1.78[−0.74,4.25] −2.08[−4.46,0.26]

16K +5.09[3.26,6.92] +9.51[7.41,11.62] +7.42[4.93,9.85] −2.08[−4.46,0.26]

Full +5.32[3.47,7.16] +10.81[8.60,13.00] +8.68[6.16,11.20] −2.13[−4.52,0.21]

capped at 1,024 completion tokens for direct-response profiles. Both profiles require at least 512
matched tokens. This excludes 14.3% of direct-response completions, leaving 1,756 trajectories
from 466 problems. The teacher uses the prompt below with thinking enabled in both profiles, and
omitted completions are not imputed. Correctness alignment requires both correct and incorrect
scored completions, leaving 116 eligible problems for thinking-enabled profiles and 200 for direct-
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response profiles. Their paired intersection contains 48 problems, so paired cross-mode estimates use
a different population from the separate mode averages.

The student uses the shared block below, and the teacher appends the teacher-only block. Lines
are wrapped for display. Both use the Qwen chat template with a generation prompt. The student-
generation thinking flag selects the prefix distribution, while teacher scoring keeps thinking enabled.

Profiling prompt

Shared by student and teacher

Solve the following math problem. Reason step by step, and put the
final answer in \boxed{}.

Problem:
{question}

Teacher-only addition

Privileged reference available only to the teacher:
<reference>
{condition_target}
</reference>

Use the reference to help solve or evaluate the problem, but do not
mention that a reference was provided.

D.2 ALIGNMENT ON FROZEN AND TRAINED-STUDENT RESPONSES

For the trained-student profile, we generated responses to the 512 profiling problems from each seed-0
direct-response-trained student at step 50 and scored them with the same frozen teacher under all
seven contexts. Prompts and generation seeds match the pre-training procedure. Table 16 compares
the frozen-base profiles with alignment on each trained student’s own responses. The responses and
the set of problems with both correct and incorrect completions can therefore change after training;
the teacher remains fixed. Five views have much smaller estimates after training, while FULL TRACE
retains about three-quarters of its initial value.

Table 16: Correctness alignment across student trajectories. Cv in nats per token with 95%
problem-bootstrap intervals. The teacher is thinking-enabled under both student response modes.
The final column scores each trained student’s own direct-response completions at step 50.

View
Frozen base

thinking enabled
Frozen base

direct response
Own step-50 states

direct response

ANSWER ONLY +0.0065[0.0041,0.0091] +0.0041[0.0028,0.0054] +0.0013[0.0002,0.0024]
GIST +0.0042[0.0015,0.0072] +0.0067[0.0045,0.0090] +0.0024[0.0001,0.0046]
KEY POINTS +0.0019[−0.0011,0.0051] +0.0094[0.0062,0.0126] +0.0011[−0.0022,0.0044]

CLEAN SOLUTION −0.0005[−0.0033,0.0024] +0.0093[0.0060,0.0128] −0.0003[−0.0034,0.0029]

SUMMARY −0.0031[−0.0063,0.0001] +0.0089[0.0053,0.0125] +0.0025[−0.0010,0.0059]

FULL TRACE −0.0123[−0.0173,−0.0072] +0.0131[0.0087,0.0176] +0.0099[0.0054,0.0144]

Figure 9 separates the correct- and incorrect-response shifts underlying alignment. On average, the
teacher assigns lower likelihood than the student to both kinds of response. Correctness alignment
measures the difference between those mean shifts.

D.3 SENSITIVITY TO THE SCORED SPAN

Restricting the retained thinking-enabled rows to positions below 1,024 attenuates the alignment trend
but leaves correction pressure negative for every view (Figure 10). Thus, the full-profile comparison
varies both student states and scoring horizon. This sensitivity check uses already scored tokens
rather than generating or rescoring trajectories.
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Figure 9: Correctness alignment separates two negative likelihood shifts. Each point com-
pares mean per-token log-likelihood shifts on incorrect responses (horizontal axis) and correct
responses (vertical axis). The vertical distance from the equal-shift line is Cv . Panels use frozen-base
thinking-enabled responses, frozen-base direct responses, and each step-50 student’s direct responses,
averaging within problems with both outcomes.
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Figure 10: Profile sensitivity to the scored span. Arrows connect the full-prefix thinking-enabled
profile to the same retained rows below position 1,024. Filled circles show the direct-response profile,
capped at 1,024 by design. Light bands and error bars show 95% problem-cluster bootstrap confidence
intervals. Cv denotes correctness alignment and Fv the shift at sampled correction markers.

D.4 INTERPRETATION AND LIMITS OF CORRECTNESS ALIGNMENT

Correctness alignment describes how privileged conditioning distinguishes correct from incorrect
profiled responses. We give its local reweighting interpretation, then show why the same aggregate
diagnostics can accompany different parameter updates.

Reweighting fixed responses. For a mixed-outcome problem x, let µx be the empirical distribution
assigning equal weight to each profiled completion, R(y) ∈ {0, 1} its correctness indicator, and
hv(y) = ∆v(y) its mean shift over the retained span from Section 2.2. Write px = Eµx [R] ∈ (0, 1),
so Equation 3 gives Cv(x) = Eµx [hv | R = 1] − Eµx [hv | R = 0]. Under the exponential
reweighting µv,ϵ(y) ∝ µx(y) exp(ϵhv(y)),

d

dϵ
Eµv,ϵ [R]

∣∣∣
ϵ=0

= Covµx(R, hv) = px(1− px)Cv(x).

Proof. Differentiating the normalized weighted mean at zero gives E[Rhv]−E[R]E[hv]. Substituting
E[Rhv] = pxE[hv | R = 1] and expanding E[hv] by correctness yields the result. □ Thus, positive
Cv(x) means that a sufficiently small positive reweighting raises correctness on that problem’s
fixed sample. The derivative of mean correctness across problems weights Cv(x) by px(1 − px),
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whereas reported Cv averages problems equally. These two quantities can rank views differently, and
reweighting fixed responses is not an OPSD parameter update.

Example: equal alignment and mean KL, opposite transfer. Two equally likely problems have
binary one-token answers, with correct answer 1 and student probabilities pθ(1 | x1) = σ(θ)
and pθ(1 | x2) = σ(−2θ), where σ is logistic and θ0 = 0. Let qA and qB be frozen teacher
distributions assigning correct-answer probabilities (0.54, 0.51) and (0.51, 0.54), respectively. A
same-backbone construction is p(1 | xi, z) = σ(ciθ0 + bi(z)), with c = (1,−2), bi(∅) = 0, and
bi(zv) = logit qv(1 | xi). Both contexts have expected teacher accuracy 0.525 and equal mean
teacher–student KL because their problem-level distributions are swapped. For a profile containing
both answers on each problem, they also have equal alignment at initialization,

CA = CB = 1
2

(
log 0.54

0.46 + log 0.51
0.49

)
≈ 0.100,

since Cv(x) = logit qv(1 | x). For Lv(θ) = 1
2

∑
i DKL

(
qv(· | xi) ∥ pθ(· | xi)

)
, the gradients

Gv = L′
v(0) are

GA = 1
2

[
− 0.04 + 0.02

]
= −0.010, GB = 1

2

[
− 0.01 + 0.08

]
= +0.035,

while expected student accuracy A(θ) = 1
2 [σ(θ) + σ(−2θ)] has A′(0) = −1/8. A gradient-descent

step of size η changes accuracy by −0.00125 η +O(η2) under A and +0.004375 η +O(η2) under
B, giving opposite signs for sufficiently small positive η. Every vocabulary term lies below the 0.05
clipping threshold near initialization, so the first-step conclusion also holds for the implemented
clipped divergence. The difference comes from shared parameters: fitting x1 moves x2 in the opposite
direction with twice the sensitivity, which the aggregate diagnostics do not capture.

E INTERVENTION EVIDENCE

The eleven direct-response control configurations comprise two other-problem references, three trace
openings, four correction-marker edits, and two prompt-template changes. We give their construction
details below, followed by the loss-support intervention under thinking-enabled training.

E.1 REFERENCE SUBSTITUTIONS AND TRACE OPENINGS

Other-problem controls replace both the reasoning body and canonical answer with a length-matched
view from another problem. Trace openings truncate genuine FULL TRACE at a token boundary to
each problem’s own KEY POINTS, CLEAN SOLUTION, or SUMMARY length (means 298, 523, and
870 Qwen3 tokens across 2,112 problems). All cuts remove the canonical answer section and later
reasoning, changing content and length together. None contains a boxed answer.

Main Table 2 gives the thinking-enabled outcomes at step 100. Both other-problem replacements
lower accuracy after within-family Holm correction. At development-selected checkpoints, only the
KEY POINTS replacement’s accuracy difference has an interval below zero. Table 17 adds matched
single-seed direct-response comparisons. All three trace openings have positive mode interactions,
while the intervals for both other-problem interactions include zero.

E.2 CORRECTION-MARKER WEIGHTS AND PROMPT REPLACEMENTS

Marker edits for FULL TRACE and CLEAN SOLUTION either exclude marker positions and divide by
the retained-token count, or multiply their losses by 0.1 and divide by the original supported-token
count. After the 0.05 per-vocabulary-term clip, weighted token losses are averaged within each
completion, then equally across the effective batch of 32.

Prompt swaps for FULL TRACE and CLEAN SOLUTION replace both student and teacher training
wording with the original OPSD templates (Zhao et al., 2026a). Evaluation retains the local student
prompt (Appendix D). During training, both versions use one user message and a generation prompt,
with student thinking off and teacher thinking on. The replacement templates preserve the original
wording and blank lines, with long lines wrapped for display.
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Table 17: Reference-construction effects depend on evaluation mode. Step-100 Avg@4 differ-
ences, in percentage points with paired 95% problem-cluster bootstrap intervals. Every row uses one
training seed. Trace openings are compared with seed-0 FULL TRACE, and other-problem references
with seed-0 KEY POINTS or CLEAN SOLUTION, respectively. The interaction is the direct-response
contrast minus the thinking-enabled contrast on the same problems.

Configuration
Thinking

enabled
Direct

response Interaction

Opening, KEY POINTS length −0.20[−2.02,1.69] +9.05[6.12,12.04] +9.24[5.86,12.63]
Opening, CLEAN SOLUTION length −0.59[−2.28,1.11] +11.33[8.40,14.32] +11.91[8.59,15.30]
Opening, SUMMARY length −1.11[−2.86,0.65] +7.81[5.08,10.55] +8.92[5.66,12.24]

Other-problem KEY POINTS −2.15[−3.97,−0.39] −3.91[−6.64,−1.17] −1.76[−5.01,1.50]

Other-problem CLEAN SOLUTION −1.95[−3.78,−0.20] −0.39[−3.06,2.28] +1.56[−1.76,4.82]

Original OPSD prompts used for replacement

Student
Problem: {question}

Please reason step by step, and put your final answer within \boxed{}.

Teacher
Problem: {question}

Here is a reference solution to this problem:
=== Reference Solution Begin ===
{reference text}
=== Reference Solution End ===

After reading the reference solution above, make sure you truly
understand the reasoning behind each step — do not copy or paraphrase
it. Now, using your own words and independent reasoning, derive the
same final answer to the problem above. Think step by step, explore
different approaches, and don't be afraid to backtrack or reconsider if
something doesn't work out:

Please reason step by step, and put your final answer within \boxed{}.

E.3 LOSS-SUPPORT INTERVENTION AND CHECKPOINT SENSITIVITY

The one-seed FULL TRACE experiment compares the three loss windows in Section 5. The four 256-
token distributed windows are centered near fractions 0.125, 0.375, 0.625, and 0.875 of the reasoning
span before </think>. All three score highest at step 25 in Table 18, although development
selection chooses step 50 for EARLY-1K and step 25 for the alternatives. All paired same-step
loss-window contrasts in Table 2 have intervals that include zero.

Table 18: Loss-support checkpoint sensitivity. Thinking-enabled FULL TRACE Avg@4 in percent,
from one training seed. Paired differences and intervals are in Table 2.

Support Step 25 Step 50 Step 100

Early-1K 78.26 75.13 72.79
First-4K 79.23 74.28 71.22
Distributed-1K 79.23 75.65 71.48
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