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Abstract

Sketched Isotropic Gaussian Regularization (SIGReg) aligns learned representations with an
isotropic Gaussian target along random one-dimensional projections. LeJEPA establishes
finite-direction guarantees because the rotational symmetry of this target makes every di-
rection identical. Structured representations, however, require anisotropic targets that vary
across directions. We prove that while target anisotropy preserves the geometric approxi-
mation rate, directional complexity depends on the target’s centered spectral moments and
spectral endpoints. We show empirically that across targets with matched condition num-
bers, spectral shape governs direction budgets. These budgets scale with the target’s spher-
ical Dirichlet energy and initial slicing-gradient variance, while its leading angular harmonic
couples directly to directional sampling error. To eliminate this quadratic coupling, we in-
troduce Orthogonal Directional Slicing (ODS), which draws complete random orthonormal
frames that enforce exact second-moment balance. While ODS reduces gradient variance
across all conditions, it does not reliably lower direction budgets, as higher-degree angular
harmonics dominate directional complexity. Reducing this complexity therefore requires
canceling these higher-order harmonics, rather than simply drawing more directions.

1 Introduction

Projection-based distribution matching replaces a high-dimensional comparison with an average of one-
dimensional discrepancies along random directions. In LeJEPA, SIGReg uses this approach to match em-
beddings to an isotropic Gaussian target N (0, Ixc) (Balestriero & LeCunl [2025). Because an isotropic target
has a direction-independent characteristic function, it contributes no angular structure over the sphere.
We study anisotropic Gaussian targets A/ (0,3) as a tractable extension: their one-dimensional projections
remain available in closed form, while the target varies over the sphere through the Rayleigh quotient a " Xa.

Within the spherical Sobolev framework used to analyze SIGReg, we show that anisotropy changes the
target-dependent factor without changing the geometric approximation exponent. Under tr(X) = K, the
centered quadratic form ¢x(a) = a' (X — I )a acts as a degree-two spherical harmonic, while its exponential
generates higher even degrees. The resulting H? bound depends on centered spectral moments and the
minimal eigenvalue (with both spectral endpoints entering through Proposition , showing that condition
number alone cannot determine this complexity. Because this guarantee holds for deterministic quasi-
uniform interpolation, it leaves an empirical question: whether targets with matched condition numbers
require different direction budgets under stochastic optimization.

These same spectral quantities govern the target’s integrated tangential-gradient energy and the variance of
the initial slicing gradient. Furthermore, we isolate a degree-two finite-sample interaction between the trace-
less target covariance and the empirical second moment of the sampled directions. This interaction motivates
ODS, which forms direction batches from complete random orthonormal frames. Complete frames preserve
the population SIGReg objective and cancel the degree-two interaction exactly when M =0 (mod K).



2 Background and related work

2.1 SIGReg and directional distribution matching

Let P and @ be probability distributions on R*. By the Cramér-Wold theorem, P = @ if and only if
P = Q) for every direction a € SK~1 (Cramér & Wold, [1936)). Sliced methods use this property to
replace an intractable high dimensional comparison with an average of one-dimensional discrepancies (Rabin
et al.| [2012; [Bonneel et all 2015). For an embedding matrix Z = {z,}Y_; C R¥ SIGReg compares the
empirical characteristic function @z, (t) = % 25:1 exp(itaTzn) with the target characteristic function
©q.a(t) = Ex~glexp(ita’ X)] through the directional discrepancy

lo(a: Z) = N / 182.4(0) — poa(®) w(t) dt, (1)

M

where w(t) is a symmetric integrable weight. Given directions Aps = {am }m—1, the finite-direction objective

1S

ZM(Z;Q) = % Z EQ(anﬁZ) (2)

Standard SIGReg specifies an isotropic target Q = N (0, Ik ), whose characteristic function ¢q o (t) = e=t’/2
is angularly constant (Balestriero & LeCunl [2025)). An anisotropic target Qs = A (0, ), however, introduces

direction-dependent variation into £g(a; Z) through the target covariance X.

2.2 Finite-direction approximation on the sphere

Let SK~! carry normalized surface measure. At fixed frequency ¢, define the discrepancy g;(a) = ¢pq(t) —
©0.a(t), and let Ipsg; be its spherical interpolant on M quasi-uniform directions. If g, € H*(S¥~1), spherical
polynomial interpolation (Balestriero & LeCun, 2025) with spatial scaling M =< LXK~ gives

lgr = gl gx 1y < CCK, ) M2/ ED g, |15 ey (3)

where C(K, a) > 0 is the interpolation constant depending only on dimension K and Sobolev order «. Inte-
grating over frequency with weight w(t) yields the total interpolation error £y (P, Q) and Sobolev constant
Ba(P,Q):

En(P.Q) = [ wlt)lan = Tl . (4)

2
BalP.Q) = [ w(0) lagoonr . (5)
Applying equation [3] gives the integrated guarantee

Em(P,Q) < C(K,a)M2/E=1p, (P,Q). (6)

If the discrepancy vanishes at all sampled directions, the zero interpolant fits the data, and equation [|bounds
the residual error across the unsampled sphere. This guarantee characterizes deterministic interpolation on
quasi-uniform point sets. It does not model stochastic optimization where directions are freshly resampled at
each step. The sufficient count derived from equation [6]is therefore conceptually distinct from the empirical
optimization threshold M™*.



2.3 Finite-direction sampling and structured targets

Prior work has explored structured direction sets for sliced objectives: quasi-Monte Carlo methods improve
spherical coverage (Nguyen et al., |2024), orthogonal coupling reduces projection redundancy (Rowland et al.)
2019), and Markovian or hierarchical formulations introduce structured dependence (Nguyen et al., [2023a;bj
Sun et al., [2024]). Adaptive sliced methods instead reweight directions during training (Zhang et al., [2025)),
altering the population objective, whereas ODS preserves the uniform population objective. While spherical-
harmonic control variates reduce finite-direction variance by regressing on zero-mean spherical harmonics
(Leluc et all 2024), ODS eliminates the degree-two component algebraically through exact second-moment
matching, requiring no control coefficients. While complete orthogonal frames have been used in other sliced
settings (Rowland et al.l [2019; [Petrovic et al.l |2026)), our contribution is to derive the explicit degree-two
interaction between sampled frames and an anisotropic Gaussian target, and to prove that complete frames
cancel this interaction identically. Recent JEPA literature also studies targets beyond the isotropic Gaussian,
modifying target geometry or predictive couplings (Alvarezl 2026} Nicollier et al.| 2026a3bl). These approaches
motivate structured targets, but they do not characterize how target anisotropy alters the finite-direction
complexity of SIGReg or interacts with sampled directions.

3 Finite-direction approximation for anisotropic targets

We now consider the anisotropic Gaussian target Qx = N(0,X), where ¥ > 0 and tr(X) = K. The
trace constraint fixes the average target variance and separates anisotropy from scale. For a unit direction
a € SE~1 its directional characteristic function is

t2
Tsi(a) == ¢Qu,a(t) = exp (—2GTZG> :

Let w,(t) = e~ Pt with p > 0, write S = $— I, S; = tr(%)), and set v = p® 4 Apin(2). Using the spectral
H? convention
£ 7 = 1122 + 20 Vs fllZe + [ As 2,

define

By,p :/wp(t>||<PP,-(t>||§f2(SK*1>dt’
R
Byo(%) :/pr(t)HTz,tH?ﬂ(SK*l)dt'

While P is treated here as a fixed distribution, in optimization it corresponds to the empirical embedding
distribution Pz = N1 25:1 d,,, which evolves with Z. The following result extends equation |§| at Sobolev
order two by bounding the target contribution explicitly.

Theorem 1 (Anisotropic Finite-Direction Bound). Let ¥ > 0 satisfy tr(X) = K, suppose Ba p < 00, and
let Ing be constructed from M quasi-uniform directions as in Section . Then By q(X) < BYSH(X), where

3/m(2K +1) 105/
Ble(s) = YT s S2 4 28S,). 7
26 () ~172 + 2(K + 2)75/2 2+ 8K (K + 2)79/2 (53 +284) (7)
Consequently,

En(P,Qx) < 20(K, 2)M ™YV [By p + By (S)] . ®)

In particular, £y (P, Qx) < € is guaranteed whenever

. K-1)/4
20(K,2) (Bap + Bre(x)) 1
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Lemma 2 (Empirical Embedding Sobolev Bound). Let Pz = N1 25:1 0., with max, ||zp|l2 < R. Then

By p, <

K—1)2+2R* 2(K-1)R?® 37R*
ﬁ+‘/ﬂ( 12” + ( 4) ‘/i < o0. (10)
p 2p p 4p

The finiteness condition By p < oo therefore holds at every finite empirical embedding state; uniform control
along an optimization trajectory requires a uniform bound on max, ||z,|l2. The proof is given in Ap-
pendix Theorem [I] shows that anisotropy enters exclusively through the target factor, leaving the
geometric rate M ~%(K=1) unchanged. Within BE?@Q(ZL the second moment Sy controls tangential deriva-
tives, S3 425, controls Laplacian curvature, and the minimal eigenvalue Apmin () governs frequency damping
through v = p? + Amin(X). As established in Section equation |§| provides a sufficient direction budget
for deterministic quasi-uniform interpolation, rather than the stochastic optimization threshold M™* studied
in Section 4

3.1 Angular structure of the target

Because tr(Xg) = 0, the centered quadratic form gs(a) = a ' Yga isolates the angular variation of the target:

To(a) = 2 exp(—fqzm)) | (11)

Proposition 3 (Centered Covariance Harmonic). The centered quadratic form gs is a spherical harmonic
of degree two. In particular,
2 tr(33)

2
—Asqe =2Kqs,  lgslli2@r-) = KE+2) (12)

Proof. The quadratic polynomial z +— 2T Sox satisfies A(x T Soz) = 2tr(Xg) = 0. Its restriction to the sphere

is therefore a harmonic polynomial of degree two, with Laplace—Beltrami eigenvalue 2(2 + K — 2) = 2K.

Integrating (a'Yoa)? against normalized surface measure via the spherical fourth-moment identity gives
¥o)? + 2tr(33) 2tr(323)

tr(
Ea[(a"200)%] = K(K+2)  K(K+2)

which proves equation O

Because gxn(—a) = gs(a), the target characteristic function is even in a, so its spherical-harmonic expansion
contains only even degrees:

Tyy=TE) + T +TE) + - (13)

The linear term in the Taylor expansion of exp(—t2¢s/2) produces the leading degree-two harmonic, while

higher powers generate higher even degrees. Degree two therefore dominates in the weak-anisotropy regime,
but moderate to severe anisotropy excites higher-order angular harmonics.

3.2 Target-dependent Sobolev complexity

The target bound in Theorem [I]is derived directly from the first two tangential derivatives of Tx ;. Let P, =

I —aa’ be the tangent-space projector and define sx(a) = a' X2a — gs(a)? = ||P.Yoal|3. Differentiation
yields
VsTs () = —t*Ts ¢(a) PaXoa, (14)
AsTs i(a) = T 4(a) (tQqu(a) + t4sz;(a)) . (15)



Substituting these identities into the H? norm, ma30r1z1ng Ts1(a)? < e” Amin (3)t 27 and integrating over
frequency proves equatlonl (detailed in Appendix . The baseline bound Bbabe replaces the angular

exponential by its spectral maximum e~ * and sphts the square in equation

Let v1,..., vk be the eigenvalues of 3¢ with v_ = min; v; and v = max;v;. We obtain a strictly sharper
bound by preserving exponential variation across the Rayleigh-quotient spectrum [v_, v, ] and the Laplacian
cross term. For 15(0) = By [e~?%=(?)] Gaussian radial decomposition yields the exact identity

E, [(1 + 2)\(]2(@))—1{/2} = EZNN(O,IK)[ AZTEOZ} H (1+ 2Xv;) 72,

which upper bounds ¢ () at A = §/K, alongside the Rayleigh bound e,

Proposition 4 (Secant Sobolev Refinement). Let B5%(X) be the bound obtained by majorizing q — e~ta

by its endpoint secant on [v_,vy] while retaining the Laplacian cross term. Then

Bso(X) < BYH(E) < BY (D). (16)

This bound depends explicitly on both spectral endpoints (v—,vy) and centered moments Sa,...,S5. The
second inequality is strict unless ¥ = Ik

The closed form, secant optimality, and moment algebra of B5%(X) are given in Appendix While
B5% (X) sharpens the target-side bound, any target-only factor is 1nherent1y incomplete: bounding embed-
ding and target norms separately discards their interaction.

Lemma 5 (Insufficiency of Component Norms). In a nontrivial Hilbert space, no function of ||ul| and ||v||
alone can equal ||u — v||? for every pair (u,v).

Proof. For any nonzero u, the pairs (u, u) and (u, —u) have identical component norms, whereas their squared
differences are 0 and 4/|ul|?. O

Under the complex H? inner product (f,g)mz = (f,9)r2 + 2(Vsf, Vsg)rz + (Asf, Asg) 2, define the joint
coupling

Cy(P,X) = /pr(t)<(pp7.(t),TZ,t>H2 dt.

The exact Sobolev factor is then

BQ(P,QE) :B27P+BQ7Q(E) —2RGCQ(P, E) (17)

Target-side factors By g(X) are therefore sufficient rather than tight: the cross term Cy(P, ) captures joint
embedding-target geometry that no descriptor of the target spectrum alone can reflect.

4 The spectral structure of directional complexity

Section [3] shows that anisotropy enters the finite-direction bound through spectral endpoints and centered
moments, allowing covariances with the same condition number to have distinct theoretical bounds. Because
this bound does not predict optimization dynamics directly, we test whether targets with matched condition
numbers require different direction budgets M™ in practice.
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Figure 1: Spectral shape separates finite-direction requirements at matched condition number. (a) Eigenvalue
profiles A; by rank j for spike, smooth, and block targets at x = 200 and tr(X) = 64; the dotted line marks
the isotropic baseline A\; = 1. (b) Success rate ps(M) across direction budget M on the x = 200 triad. The
dotted line marks the 80% success threshold defining M*. (c) Empirical direction requirements M* across
all 31 benchmark targets against condition number . Vertical brackets mark the spread between minimum
and maximum M™* within matched condition-number groups.

4.1 Experimental setup

We use a direct-embedding experiment to isolate the finite-direction objective from encoder architecture and
data augmentation, following the controlled analysis of [Balestriero & LeCun| (2025). Each run optimizes
N = 1000 embeddings in R toward Qx, = N(0,%) under trace normalization tr(X) = 64, drawing a fresh
batch of M uniform spherical directions at every step. Across conditions, only the target spectrum changes.
The benchmark comprises 31 covariances spanning eight anisotropic spectral families and an isotropic anchor,
with shared condition numbers across families to isolate the effect of spectral shape.

Let EJ(\Z)(Z) denote the discrepancy of seed s on evaluation directions drawn independently of training, and
E,et(¥) be the median reference discrepancy at M, = 16,384. We define the empirical success frequency
px (M) and direction requirement M*(X) by

1 & s
pu(M) = ; 1{E](W)(Z) < 1.10Eref(z)} , "

M*(3) =min{M € M : ps(M) > 0.80},
where M is the discrete grid of direction budgets given in Appendix

4.2 Matched-spectrum variation

Targets with the same condition number require markedly different direction budgets. Across the eight
spectral families, the ratio between the maximum and minimum M™* widens from 1.71 at x = 10 to 3.20 at

k = 200 (Table[1} Figure [If).

This divergence is sharpest at k = 200 (Figure ,b): the spike target requires M* = 4096, while smooth
and block require only M* = 1280. For individual seeds, the threshold medians across 20 runs are 3072, 896,
and 1280 for spike, smooth, and block, respectively. Every observed seed threshold for spike exceeds those
for smooth and block (uncorrected Mann—Whitney p < 0.001, Cliff’s 6 = 1 for both comparisons); smooth
and block also differ significantly (p = 0.0008, § = —0.598). This separation persists under stricter (5%) and



Table 1: Empirical direction requirements across spectral families at matched condition number.

Kk  Min M* Max M* Ratio Min; Max families

10 896 1536 1.71  smooth/spike/square-root decay; linear
50 1024 2560 2.50 smooth/linear; trispike
200 1280 4096 3.20 smooth /block/linear/cosine; spike

more lenient (20%) success tolerances (Appendix [B.5). Condition number therefore fails to determine M*:
spectral shape retains critical information discarded by this scalar ratio.

4.3 Spectral predictors of directional complexity

We next evaluate how closely the spectral descriptors from Section 3| track M™*, using Spearman rank corre-
lations across all 31 targets (Table [2).

Table 2: Rank correlation between spectral descriptors and empirical direction requirements across 31 targets.

Descriptor Spearman p Fisher-z 95% interval
Condition number & 0.657 [0.39,0.82]
Sy = tr(32) 0.791 [0.60, 0.90]
Sy = tr(39) 0.665 [0.40,0.83]
BS?&E(E) 0.877 [0.76,0.94]
B;eé(E) 0.834 [0.68,0.92]

The centered second moment Sy correlates more strongly with M* (p = 0.791) than condition number
(p = 0.657), while the target-side Sobolev bounds achieve rank correlations between 0.834 and 0.877. Because
their CIs overlap, the benchmark does not establish a strict empirical ranking among the Sobolev descriptors.
In particular, the tighter secant-majorant bound need not yield the highest in-sample rank correlation:
analytic sharpness and rank association with an empirical optimization threshold are distinct mathematical
properties. These correlations confirm that the spectral moments appearing in the Sobolev bound track
finite-direction difficulty. However, consistent with Lemma [5] no target-only descriptor predicts M* exactly
because separated bounds discard joint embedding-target cross-terms. We retain B5, for out-of-family
generalization because it represents the sharper theoretical construction.

4.4 Generalization to held-out spectra

To test whether the target-side bound generalizes beyond the benchmark families, we fit an OLS log-linear
model across the 31 targets, yielding log M* = 0.152log B3, + 6.563 (R? = 0.816), and use it to predict M*
on six held-out spectra (Table [3).

Table 3: Predicted and observed direction requirements for six held-out spectra.

Family K B3 Predicted M*  Observed M*
Exponential 50  1.251 x 102 1474 896
Step 50  3.169 x 102 1697 1536
Log-normal 50 2.185 x 102 1604 1280
Exponential 200 2.643 x 102 1651 1536
Step 200 4.210 x 102 1772 1792
Log-normal 200 2.386 x 102 1625 1024

The predictions correctly rank the held-out targets within each condition number (Table , with observed
requirements ranging from 896 to 1536 at x = 50 and from 1024 to 1792 at x = 200, confirming that



matched-condition variation generalizes to unseen spectral shapes. While the endpoint-secant bound remains
informative outside the training families, it is not an exact sample-complexity law. The fitted exponent is
sublinear (0.152), and noticeable residuals remain for the exponential target at £ = 50 and log-normal target
at k = 200. This behavior is consistent with a sufficient target-side bound that bounds worst-case spherical
discrepancy rather than fully characterizing stochastic optimization dynamics.

5 Angular structure and directional sampling

While M™ correlates with target-side Sobolev complexity, this does not specify how target geometry affects
optimization. We show that the same spectral structure appears in the target’s angular derivatives, the
variance of stochastic directional gradients, and the empirical second-moment error of sampled directions.
These quantities provide convergent evidence for a shared mechanism, without claiming any single one as
the sole cause of variation in M™.

5.1 Angular variation of the target

Define the tangential energy density sx(a) = a'X2a — gs(a)?. From equation the integrated angular
Dirichlet energy of the target is

Ci1(%) :/w(t)||V§Tg’t||2L2(SK_1)dt:/w(t) t'E, {e_tzaTzasE(a)} dt. (19)
R R

This target-only population quantity is nonnegative and, under trace normalization and a nondegenerate
weight w(t), satisfies C;(X) = 0 if and only if X = Ix. Indeed, C;(X) = 0 implies P,Ya = 0 for almost every
a; continuity extends this to every direction, so every vector is an eigenvector of X, giving ¥ = clg, where
trace normalization fixes ¢ = 1. Quadrature details are given in Appendix [B.3]

The spherical identity E,[sx(a)] = Sa/(K + 2) establishes the leading spectral dependence. For ¥ = Iy + A
with tr(A) = 0 and small || A]|op,

tr(A?)

Cl(IK-l-A): K12

/w(t) tet dt + O(| A[13,). (20)
R

Thus S, governs weak anisotropy, while the exponential factor introduces higher spectral moments as
anisotropy increases. Equivalently, the harmonic expansion equation [13| gives

ai() = [ w) 3 e+ K =T at

£e2Ng

The isotropic component (¢ = 0) has zero angular energy, degree two (¢ = 2) provides the first nonzero
contribution, and higher even degrees enter at finite anisotropy. Across all benchmark targets, C;(X) has
Spearman rank correlation p = 0.818 with M* (p = 1.9 x 107%), comparable to the target-side H? bounds
in Table[2] This association reflects global target roughness rather than local slope.

Let vs(a) = a'Xa, Dy(a) = Lloy(a; Zar), and define relative directional error Rpr(a) = [Dar(a) —
Dyot(a)]/Dret(a). At M/M* =~ 0.5, adding sx(a) to vs(a) increases the explained variance in Rps(a) by
at most 0.0003; the increment from local target-gradient energy was zero at reported precision. Global tar-
get roughness tracks directional complexity without implying that local angular slope marks the directions
retaining optimization error.

5.2 Directional gradient variance

To connect target geometry to the stochastic objective, let Gx(a; Z) = Vz{gy (a; Z) and define the slicing-
gradient variance for an IID batch Ay = {a,, }}_, by



Table 4: Spearman correlation between initial slicing-gradient variance (M = 64) and M™*.

Target group Number of targets Spearman pg p-value
All targets 31 0.818 1.90 x 108

k=10 8 0.100 0.8135

k=50 8 0.934 0.0007

k=200 8 0.932 0.0007

o 2

9 1
Tstice (233, M) = By, || 57 Y Gs(am; Z) — Eo[Gs(a; Z)] (21)
m=1 F

Unlike C;(X), this quantity depends on the embedding state and the loss gradient. We evaluate it at
initialization with M = 64 (Appendix . Initial gradient variance correlates strongly with M™* across the
full benchmark and within the matched x = 50 and x = 200 groups, but not at k = 10 (Table . The
association is therefore not an artifact of differences between condition-number groups, nor is it uniform
across anisotropy levels.

For the k = 200 triad, the estimated variances are 3.861, 0.130, and 0.235 for spike, smooth, and block,
matching their direction requirements 4096, 1280, and 1280. While the full-set rank correlation equals that
of C1(X) (ps = 0.818), the two quantities are distinct: C;(X) is a population property of the target, whereas
equation [21| reflects the loss gradient at the embedding state. Their agreement provides convergent evidence
that target angular roughness is expressed in stochastic optimization, without establishing gradient variance
as the sole driver of M* (Figure [2).
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Figure 2: Within-x associations with the empirical direction requirement. Each panel compares median-
centered log, M* against median-centered descriptors: (a) log secant bound log B5%, (b) log Dirichlet energy
logCq, and (c) log initial gradient variance log Uszhce at M = 64. ps is the Spearman rank correlation of
median-centered residuals pooled across « € {10, 50, 200}.



5.3 The degree-two sampling interaction

The target’s leading angular harmonic couples directly to finite directional sampling error. For aq,...,aps ig
Unif(SX~1), define the empirical second-moment error
1 & 1
Ay = — b —Ik. 22
M MmEZIamam s (22)

Because tr(¥g) = 0, the sample mean of the target’s degree-two harmonic gs(a) = a ' $pa reduces exactly to

1 M

i > as(am) = tr(SoAn). (23)

m=1

The sampled degree-two error is therefore the projection of the empirical direction-frame error onto the
traceless target covariance.

Corollary 6 (IID Degree-Two Interaction Variance). For IID uniform directions on SK~1,

2 2 tr(¥3)
E { tr(XoA } =—. 24
Proof. Because E,[¢s(a)] = tr(2g)/K = 0, the terms ¢x(a,,) are centered and independent. Their sample
mean has variance M ~1E,[gs(a)?], and equation [12] gives E,[gx(a)?] = 2tr(23)/[K (K + 2)]. O

This interaction vanishes at isotropy, decays as M ~! under IID sampling, and scales with Sy = tr(X%3).
The same invariant governs the weak-anisotropy expansion equation While this quadratic interaction
does not determine M*, as it omits the embedding distribution and higher target harmonics, it isolates
an explicit source of finite-sample error. Controlling this interaction through the dependence structure of
sampled directions motivates the design of ODS in Section [6]

6 Orthogonal directional slicing

Since the degree-two interaction tr(XgA,s) depends only on the empirical second moment of the sampled
directions, it can be eliminated by enforcing exact second-moment balance without altering the directional
marginals or weighting the SIGReg objective. ODS enforces this balance using complete random orthonormal
frames.

6.1 Eliminating the quadratic sampling interaction

Let M = ¢K for some integer ¢ > 1, and draw independent Haar-distributed orthogonal matrices Uy, ..., U, €
O(K). ODS forms the direction batch from their columns, AQPS = {Upe; :b=1,...,¢, j=1,...,K}, where
{e; }le is the standard basis. In practice, each U, is generated by a sign-corrected QR factorization of a
Gaussian matrix.

Theorem 7 (Second-moment Balance). For the ODS batch ASPS, every direction is marginally uniform on
SE=1 and

1 1
i Z aaTZKIK. (25)

oDS
a€ AL

Consequently, Apy = 0 and, for every trace-normalized covariance ¥ = I + X,
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% Z gs(a) = tr(XoApm) =0 (26)

aGA%DS

for every realization of the sampled frames. Moreover, for any integrable directional loss,

1
Eops i Z lq(a; Z) | = Eqounitsc—1)[lqla; Z)]. (27)

oDSs
a€ A,

Proof. For each frame, z:lil(Ubej)(Ubej)—r = UU, = Ix. Summing over b = 1,...,c and dividing by
M = cK gives equation hence Aj; = 0 and equation Haar invariance makes every column Upe;
marginally uniform on the sphere. Linearity of expectation then gives equation independence between
directions is not required. O

Corollary 8 (Partial-Frame Error). Let M = ¢cK +r with 0 < r < K, and append the first r columns of an
independent Haar orthogonal matrix to ¢ complete frames. If P, denotes the projector onto their span, then

1 r
Anr =7 (PT _ ?IK) . E[Ay] =0, (28)
and
r(K —r
sy = HET) (29)

For every traceless symmetric matriz A,

2r(K —r)

T MPK(K — 1)(K +2) tr(47). (30)

E [tI‘(AAM)Z]

Thus an incomplete frame remains unbiased in expectation, but incurs nonzero variance across realizations.
Appendix [A-4] proves equation 29}-equation [30]

Corollary 9 (Degree-Two Cancellation). Let h be any spherical harmonic of degree two on S¥=1. Then,
for every ODS batch,

% > h(a) =Eq[h(a)] =0. (31)

oDs
a€AY;

Consequently, ODS cancels the complete degree-two component ng of the anisotropic Gaussian target for
every frequency t.

Proof. Every degree-two spherical harmonic has the form h(a) = a' Ba for a symmetric matrix B with
tr(B) = 0. Therefore,

1 1 1
— h(a) =tr| B— aa’ | = —tr(B) =0,
M QE%DS M ae%Ds K

where the second equality uses equation Degree-two spherical harmonics have zero spherical mean, which
proves equation [31] 0O
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Proposition 10 (Degree-Four Residual). Let gs(a) = a' Yoa and Sy = tr(33). The degree-four component
of ¢ is

4 25,
h = 2_ 2 —_—. 2
If a complete orthogonal frame is aligned with an eigenbasis {v; }le of X, then
K
1 So
?Zhw(vj) =T ia (33)
j=1
For a Haar frame U,
1 X
EU ? ]Z_; h4)E(U€j) =0. (34)

The second-order term in the expansion of equation [11|is e~ /2(*/8)¢%, so ha.s; yields an explicit target-
side degree-four residual. Complete frames achieve exactness at degree two, but not at degree four. In the
terminology of spherical designs, a complete ODS batch is a design of harmonic index 2 (Zhu & Wang;,
2015)). It eliminates the leading degree-two target interaction, while leaving higher-degree target harmonics
and embedding-side directional variation uncancelled.

Because exactness follows directly from the tight-frame identity Zﬁil(Ube‘j)(Ube‘j)T = Ik, ODS requires
neither knowledge of the target covariance nor importance weighting. Generating c orthogonal frames costs
O(cK?®) = O(M K?) operations. Appendix proves Proposition

6.2 Effect on finite-direction optimization

We evaluate ODS against IID directional sampling across the all benchmark targets using paired initial
embeddings and seeds (Appendix . ODS reduces initial slicing-gradient variance in every condition, by
5.5%-28.5% relative to IID sampling (Figure [3p). Because Xy = 0 at isotropy, the 28.5% reduction there
reflects reduced directional variation on the embedding side alone. Under severe anisotropy (k = 200), the
reduction drops to 5.6%-13.3%, consistent with uncancelled higher-degree angular harmonics.

Across all 31 conditions, the shift in M™* is not statistically significant (Figure ) The direction requirement
decreases in 9 targets, remains unchanged in 18, and increases in 4. The largest improvement occurs for the
K = 200 spike target (from 4096 to 3072), while the largest regression occurs for the x = 200 linear target
(from 896 to 1280 in the paired evaluation). Although ODS eliminates the leading degree-two sampling
term and reduces gradient variance in every condition, it does not reliably lower M*. The persistence of
finite-direction difficulty indicates that higher angular degrees and embedding-target interactions dominate
optimization.

7 Discussion and limitations

Directional complexity in sliced distribution matching is governed by target angular geometry. Standard
SIGReg samples directions uniformly, treating slicing as an uncoupled Monte Carlo step. Under anisotropy,
however, probability mass concentrates along low-dimensional subspaces, exciting higher-degree harmonics
that demand large direction budgets. Eliminating the leading degree-two error with ODS reduces gradient
variance, yet does not lower direction requirements.

On the other hand, our analysis remains limited to trace-normalized Gaussian targets and direct embedding
optimization. The analytical bounds evaluate static quasi-uniform interpolation on the sphere. Separat-
ing the embedding and target Sobolev norms discards their cross-coupling and does not model stochastic
optimization dynamics directly. Non-Gaussian targets introduce odd harmonics that further reshape the
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Figure 3: Paired ODS and IID comparison across the 31 benchmark targets. (a) Percentage reduction in
initial slicing-gradient variance under ODS at M = 64; points are sample means and bars are 95% bootstrap
CIs. (b) Paired direction-budget shift logy (Mfy, /MEpg), where positive values favor ODS (paired Wilcoxon
p = 0.11, sign test p = 0.13).

angular spectrum. In representation learning, deep encoders and data augmentations introduce inductive
biases that may alter finite-direction requirements. Finally, ODS eliminates only degree-two error, leaving
higher angular orders unresolved.

8 Conclusion

In this work, we showed that finite-direction SIGReg depends fundamentally on target angular geometry.
Our spherical approximation bounds identify the spectral endpoints and centered moments that govern
directional complexity, and our empirical benchmark confirms that matched condition numbers produce
widely different direction requirements. The exact second-moment balance achieved by ODS shows that
eliminating degree-two directional error reduces gradient variance, but leaves finite-direction requirements
dominated by higher angular orders. More broadly, finite-direction guarantees for structured targets must
treat target geometry and directional design as a coupled problem.
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A Proofs

Throughout this appendix, a ~ Unif(SX~1!) and E, denotes expectation with respect to normalized surface
measure. We write P, = I —aa ' for the tangent-space projector and Ag for the Laplace-Beltrami operator.

A.1 Proof of Theorem Il

Proof. Let gs(a) = a' $pa and sx(a) = a' ¥3a — gs(a)?. Under normalized surface measure on S¥~! and
the spectral H? convention of Section [3} the spherical gradient equation [14] and Laplacian equation [15] yield

1T le = Ba | Too(@)? {1+ 2t s5(a) + (P Kas(a) + tss() "} ] (35)

Applying the spherical fourth-moment identity gives

252 52
E N= == E = .
a[qz (a’) ] K(K + 2)’ a[SZ(a)] K + 2 (36)
Since 0 < sx(a) < a'X2a, we have
S2 + 25,
2 < 2 )
Bafss(a)?] < 2k (37)

Using (z + y)? < 222 + 2y? on the squared Laplacian term in equation substituting the spherical
expectations equation |36[ and equation and applying the uniform bound Tg)t(a)2 < e~ Amin (D)t yields

(38)

22K +1 2(52 +2
||T2,t||§—12 é 6_)\min(2)t2 |:1 + ( + )52 4 (SQ + S4)t8:| .

K+2 K(K +2)

Multiplying equation [38 by w,(t) = e—p2t27 setting v = p? + Amin(X), and integrating over t € R via the
Gaussian moments

/e*”Q it = YT /t4e*7t2 gt = VT [ st gy 10OVT
R 71/2 R 475/2 R 1679/2

2
H2:
Integrating against w,(t) and applying the spherical interpolation bound equation |§| proves equation 8| and
equation [9] O

proves equation [7} Finally, convexity of the squared Hilbert norm gives ||g:||32 < 2|lop,. (6)]1372 + 2(|T5 4|

A.2 Proof of Lemma

Proof. For a single embedding vector z € RE with f.(a) = eit@ #, direct differentiation gives

Vsf. =itf,P,z, Asf. = . [—t2(||z||§ — (aTz)2) —it(K — 1)aTz] .
Hence, whenever ||z]|s < R,

(N2 <14 [(K —1)2+2]R*? + 2(K — 1)R%|t]® + R*™.

By convexity of the squared Hilbert norm,

2 1 N
DBl TN
H?2 n=1

1 N
Nz_:lfzn
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Integrating against w,(t) = e’ via

/e—f’ztz dr— YT /th—Pztz dt = ‘/—i / t)3e """ dt = i4 /t%‘pztz dt = —3\/5,
R P R 2p R P R 4p

proves equation [I0] O
A.3 Proof of Proposition [

Proof. Let v_ and v4 be the minimal and maximal eigenvalues of ¥g, with A, = v, —v_. For § > 0,
convexity of z + e~ implies the endpoint-secant majorant

e % < Ly(z) = V+A_l, Le—ov- 4 %6_0”, x € v, vyl (39)

Any secant majorant dominating e~% at the endpoints must satisfy f(v_) > e %~ and f(vy) > e %+;
secant interpolation ensures that Ly is the pointwise minimal secant majorant on [v_,v,].

Writing ¢ = ¢s(a) and s = sx(a) for brevity, define

Hy(q,s) = 20%s + (K60q + 6%s)?,
Us(0) = Eqle™ ],
Ho(0) = Eq[Hp(g, 5)]
H1(0) = Eqlq Ho(q,s)]-
The exact integrated target norm equation [35]is
Bao(2) = / e~ (P [wz(ﬁ) +E, [e-t%Hﬁ (4, S)H dt. (40)
R

Since Hg(q,s) > 0, majorizing e~% via equation [39] yields

6—01/+ _ 6—01/_

E, [e_Gqu(q, s)] < e %= Hy(0) + A

[H1(0) — v—Ho(6)] . (41)
The required spherical moments follow from Gaussian radial decomposition. Let A = Xg, let z = Ra ~
N(0,1Ik), and let By, ..., B,, be commuting symmetric matrices. Wick’s formula and E[R?*™] = K(K +
2) -+ (K + 2m — 2) give the spherical contraction identity

s 2o T u(Tls)
ceS,, Cecyc(o) iceC

= 42

K(K+2)---(K+2m-2) (42)

E, lﬁ(aTBia)

i=1

where ¢(o) is the number of cycles in permutation o. Applying equation 42| to powers of A with tr(A) = 0,
and setting r = a' A%a and s = r — ¢2, yields

85 25
Bl = R T T 1) Balos] = ey T4y “3)
_ 2(S2 + 454) _ (K?+ 6K +12)S3 4+ 2K (K +2)5,

Eale’s) = (K +2)(K + 4)(K +6)’ Eals] = KEK1)K+OE+e M
E,[gs?] = 4[(K? 4+ 4K +8)S5253 + 2K (K + 2)S5] (45)

K(K +2)(K +4)(K + 6)(K +8)
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Expanding Hy(6) = Z?:Q B;67 gives

8, — 2(K +1)5, B 4K S5
2T T Ky2 PTK+2)(K +4)
8, = (K% +6K +12)S2 + 2K (K +2)5, (46)
1T K(K +2)(K +4)(K +6)
Similarly, Hq1(0) — v_Hy(0) = Z?:z n;67 with coefficients
42K +1)S; .y
mEE K +4) T
__ AK(S3+4S) 4
BTEKY)E+HE+6)
A[(K? 4+ 4K + 8)59S5 + 2K (K +2)8
Ny = I )52 ( )55 —v_f4. (47)

K(K +2)(K + 4)(K + 6)(K +8)

For the zeroth-order term, let vy, ..., vk be the eigenvalues of X, set Ts(A) = [T/, (1 4+ 2\;)~1/2, and
define

—K/(2v_), v_ <0, min{lIg(0/K),e 7%}, 0<6<0,,
b = Ysun(0) =9
+o0, v_ >0, e VY, 0>0.,.

To verify this bound, condition on a in z = Ra. Whenever 1 + 2Av; > 0 for all 4,

Ea[(1+ 22gs(a)) /2] = Bufe ™ ™07 = Ty (). (48)

Since log(1 4 z) < 2 implies (1 + u/K)~%/2 > ¢=%/2 for u > — K, evaluating at u = 20¢s(a) and \ = §/K
gives E,[e%92(9)] < TIx(0/K) for 0 < 0 < 6,. Combining this with the Rayleigh bound gs(a) > v_ proves
the validity of ¥s up.

Letting G;(z) = T'(j + 2)2=U*1/2 and v = p? + A\uin (L), substituting s, up, equation equation and
equation [47] into equation [40] yields

4
BEo(S) = [ s ()t + 3 556
1 < }
+A*Z77j[Gj(’y+Au)—Gj(’y)},
Vi

evaluating by continuity at A, = 0. Because the final sum retains the negative secant correction and the
Laplacian cross term is preserved rather than split via (z +y)? < 222 4 2y?2, we obtain Bz o(X) < B35 (%) <
B;"SC(E), with strict upper inequality whenever Y. #£ I. O

A.4  Proof of Corollary

Proof. The ¢ complete frames contribute ¢l , while the partial frame contributes P,, so

Zama CIK]\}—P
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Using M = cK + r gives equation Haar invariance yields E[P,] = (r/K)Ix. Since P> = P. and
tr(P.) =1,

Let X = P, — (r/K)Ik. Rotational invariance makes the covariance of X isotropic on the (K —1)(K +2)/2-
dimensional space of traceless symmetric matrices. Therefore, for traceless symmetric A,

T 2 2 (K —r)
Sl R e

which proves equation [29]

E|| X||? 2r(K —r)

E AX 2 = E A2 — AQ ]

A= w22 "M T s nE ) A

Dividing by M? proves equation O

A.5 Proof of Proposition [10]

Proof. Let A =3, and define the homogeneous polynomial

el 7, 2Sallell
K+4 (K +2)(K +4)

Hy(z) = (z' Azx)?

Since tr(A4) =0,
Az Az)? = 8z " A%z,
A(llz]32 " A%2) = 2(K +4)z " A%z + 28 |[«|3,  Allz]lz = 4K +2)|l2]f3.

Thus AH4 = 0, and its restriction to the sphere is the degree-four spherical harmonic equation

If v; is an eigenvector of A with eigenvalue oy, then gs(v;)? = UJTAQUj = a?-. Averaging equation |32| and
using > j a? = S5 gives equation Finally, each column of a Haar frame is marginally uniform, and
every nonconstant spherical harmonic has zero spherical mean, so the frame average of hy 5. has expectation
Z€ro. O

B Experimental details

B.1 Finite-direction complexity benchmark

Table [5] gives the shared protocol for the direct-embedding benchmark.

Table 5: Benchmark protocol.

Quantity Specification

Embedding matrix 7 € R1000x64

Initialization IID standard Gaussian entries N (0, 1)

Target Qs = N(0,%), tr(X) = 64

Optimizer Adam (Kingma & Bay, [2015), 10,000 steps, learning rate 0.01
Adam parameters (B1,2) = (0.9,0.999), ¢ = 1078

Training directions fresh a = g/||gl2, g ~ N (0, Is4), each step
Frequency integration w(t) = et on [0, 5], 17-point Gauss—Legendre quadrature

The target suite contains an isotropic anchor and eight anisotropic spectral families (Figure . Spike,
smooth, and block are evaluated at condition numbers 2, 5, 10, 50, 200; the remaining families are evaluated
at 10,50, 200. Every covariance is rescaled to trace 64.
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Figure 4: Eigenvalue profiles across the eight target families. Each panel shows eigenvalues A; in descending
order against rank j on a logarithmic scale for x € {10,50,200}; dotted horizontal lines mark the isotropic
level \; = 1.

We evaluate across 20 direction budgets: M = {2F}12 ,1U{192, 384, 640, 768, 896, 1280, 1536, 1792, 2560, 3072}.
The isotropic anchor and the x = 200 triad (spike, smooth, block) use 20 training seeds; all remaining
conditions use 10.

B.2 Evaluation and reference construction

Each trained embedding is evaluated on four fixed panels of 2048 uniform spherical directions (8192 directions
total), independent of training and shared across all conditions and seeds, averaging the discrepancy over
panels. Reference runs use M;es = 16,384, with 15 seeds for the isotropic anchor and the three x = 200 focal
targets, and 5 seeds for each remaining condition. The reference value F,q¢(X) is the median over reference
seeds with a 95% nonparametric bootstrap interval. To verify that M, = 16,384 is sufficient, we tested
M € {2048,4096, 8192} on three difficult conditions using paired validation seeds. A budget was considered
adequate if the simultaneous one-sided 95% bootstrap upper bound on the condition-wise median relative
excess was at most 2%. The observed bounds were 15.31%, 7.92%, and 4.22%, confirming that smaller
budgets M < 8192 remain under-saturated relative to the M,os = 16,384 reference. Success frequencies in
equation [18| use 95% Wilson score intervals.

B.3 Angular mechanism diagnostics

The pointwise directional analysis in Section [5.1] evaluates seven focal targets: the isotropic anchor and
the spike, smooth, and block families at x € {50,200}. For each target and direction budget, 20 training
seeds are evaluated on a fixed panel of 20,000 uniform spherical directions. Target Dirichlet energy C;(X) in
equation is computed using 17-point Gauss—Legendre quadrature on [0, 5]. Initial slicing-gradient variance
is evaluated at M = 64 under standard IID sampling across B = 50 independent direction batches at shared
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initialization Zy. Letting Gy = M~} ZaeA(b) Vzlos(a; Zg) and G = B~! 25:1 Gy, the estimator reported
M
in Section [5.2] is

B
~ 1 —
Fe =5 O IG1 ~ T3 (50)
b=1
B.4 Paired ODS evaluation
Algorithm gives the ODS batch-generation procedure. The ODS evaluation compares
paired runs across all 31 benchmark targets over 17 direction budgets: M = {2’“},162:6 U

{192, 384, 640, 768, 896, 1280, 1536, 1792, 2560, 3072}.  For each condition, seed, and budget, IID and
ODS runs share the same initialization and Adam settings. The isotropic anchor and the spike, smooth,
and block targets at x € {2,5,50,200} use 15 paired seeds; remaining targets use 10 paired seeds.

Algorithm 1 Orthogonal directional slicing
Require: Embeddings Z, target @, dimension K, direction budget M = cK
Ensure: Finite-direction loss L3(Z; Q)
L A+—0o
2. forb=1,...,cdo
3 Sample Hy € RE*X with IID NV(0, 1) entries
4 Compute H, = Uy Ry, by QR factorization
5: Up < Uy diag(sgn(diag(Ry)))
6
7
8

Append the columns of Uj to A
: end for
s return MY 4 lo(a; Z)

Post-training evaluation uses the four-panel suite and reference thresholds FE,.t(X) from Appendix
Initial frame error, degree-two coupling, and slicing-gradient variance are measured at M = 64 prior to
optimization. Across-condition inference on M* uses a two-sided Wilcoxon signed-rank test (W = 63.0,
p = 0.1067, Hodges-Lehmann median shift of 0) and a one-sided paired sign test (9/13 non-tied wins,
p=0.1334).

B.5 Tolerance sensitivity of the matched-~x comparison

To verify that the empirical separation between spectral shapes does not depend on the choice of tolerance
7 = 0.10 in equation we re-extract M* at 7 = 0.05 and 7 = 0.20 for the matched x = 200 targets
across 20 training seeds. At 7 = 0.05, the spike target fails to reach 80% success within the tested grid
(M* > 4096), while smooth and block require M* = 3072 and 4096. At 7 = 0.10, the requirements are 4096
(spike), 1280 (smooth), and 1280 (block). At 7 = 0.20, they decrease to 1536 (spike), 384 (smooth), and 512
(block). Spike requires much more directions than smooth and block across every tested tolerance.
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